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Construction of Galois Fields of Characteristic 
Two and Irreducible Polynomials 


By J. D. Swift 


1. Introduction. The primary purpose of this paper is to provide a practical 
method of constructing Galois fields of characteristic 2 of large orders and thereby 
simultaneously give a practical way of generating a large supply of polynomials 
of high degree irreducible modulo 2. These polynomials are of special interest in 
connection with the theory of linear recursive sequences. See, for example {5}; 
some applications are suggested in [4]. 

The basic structure of Galois fields is extremely simple. For each prime g and 
each n there is one and (up to isomorphism) only one finite field of order g", desig- 
nated by GF(q"). Its additive group is the elementary abelian group; the direct 
sum of n cyclic groups of order g. The multiplicative group of the non-zero elements 
is cyclic. The field GF(q"”) may be constructed from a given GF(q") by finding a 
polynomial of degree m. irreducible over GF(q") and considering the set of poly- 
nomials with coefficients in GF(q") modulis g and the irreducible polynomial. 
The subfields of GF(q") are precisely GF(q’) where d | n; if g is a primitive gen- 
erator of GF(q"), i.e. of the multiplicative subgroup of its non-zero elements, g” 
is a primitive generator of GF(q*’) where m = (q" — 1)/(q° — 1). 

These theorems, covered by many basic texts of algebra since the original work 
of L. E. Dickson [2], essentially dispose of the elementary theory of these fields. 
A particularly complete theory is contained in [1] which also has a bibliography 
listing a number of items from the extensive literature of the deeper arithmetic of 
the Galois fields. In general, results quoted without proof in this paper may either 
be found directly in [1] or are immediate consequences of statements proved therein. 

From a practical standpoint, the only problems left by the structure theorems 
are those of finding an irreducible polynomial of degree m over the base field and 
of finding a primitive generator of the field with respect to this polynomial. In 
certain cases an irreducible polynomial is readily available and we are here con- 
cerned with the exploitation of these cases. 

2. Cyclotomic polynomials over GF'(2). Let p be a prime for which 2 is a primi- 
tive root; then the cyclotomic polynomial f,(2) = (2” + 1)/(2 + 1) is irreducible 
over GF(2). Thus for such primes the theory permits the realization of GF(2””'). 
Further, if g is a prizaitive generator of this field we may realize GF(2°) by con- 
sidering powers of g”, m = (2”' — 1)/(2* — 1) when d | (p — 1). Since the only 
obvious restriction imposed on p by the condition that 2 be a primitive root of p 
is that p = +3 (mod 8), it is likely that all fields GF(2"), n # 0 (mod 8), may 
be realized in this way for sufficiently large p. The smallest fields which cannot be 
constructed from polynomials listed in this paper are those for which n = 8, 16, 17. 


If z is any element of GF(2") the powers 2°, z', --- , 2" will be linearly dependent 


over GF (2) and the resulting relation of dependence f(z) = 0 will give an irreducible 
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polynomial f(z) if z does not lie in a proper subfield of GF(2”). If z is a primitive 
generator of GF(2”), f(z) will be, by definition, primitive irreducible. All irreducible 
polynomials over GF(2) may be constructed in this way. 

By simple counting arguments we see that the number of irreducible polynomials 
of degree n is 

- (2* — zav™ + powers _ ... ) 
where the q; are the distinct prime divisors of n. Similarly, the number of primitive 
irreducible polynomials of this degree is (1/n)y(2" — 1) where ¢ is the Euler 
totient. 

The actual problem of construction of these fields now reduces to finding a 
generator of the cyclic group. It is at this point that the theory carries us no further 
and resort must be taken to high speed computing machinery. It is easy to see that, 
for p > 5, any generator modulo the cyclotomic polynomial must be of degree at 
least 3. In particular, since x? = 1, x and 2? are of order p. To investigate the orders 
of the other linear and quadratic forms we study z = x + 1/2; define h(z) = 
x "f>(x) where m = (p — 1)/2;h is a polynomial of degree m in z. Thus z belongs 
to the sub-field GF(2”) and the order of z is a divisor of 2” — 1. Now (x + 1)’ = 
x + 1 = 22; thus the order of x” + 1 is a divisor of p(2” — 1) and the order of 
x + 1 is the same as that of its square. Again x(2 + 1) has the same order as x + 1. 
Finally x? + x + 1 = x(z + 1) and z + 1 is also in GF(2”). Thus the order of 
all linear and quadratic forms divides p(2” — 1) < 27" — 1 for p > 5. 

It is of interest to note that the order of z is precisely 2” — 1 for all suitable 
primes p S 139 except for 37 and 101 for which it is } the maximum. 

We must, then, seek among the cubic or higher polynomials for our generators 
and we turn to a consideration of the computations by which this may be done. 


3. The power routine. The primary tool in the investigation is a high-speed 
routine programmed for SWAC which finds prescribed powers of polynomials 
F(x) modulis polynomials G(x) and 2. The routine has two parts and the second 
part may be used as many times as desired without return to the first. The initial 
part receives F(x) and G(x) as inputs and computes n successive squares (F(z) )’, 
(F(x))*, --- , (F(x))™ where n is the degree of G(x), reducing the results modulis 
2 and G(x). The last square is a check; if G(x) is irreducible, (F(x))” = F(z). 
The second receives as input the exponent of the power of F(x) desired, the upper 
limit being 2” — 1, and computes this power by multiplying together the appropriate 
stored powers from the first routine. The routines are quadruple precision and, 
since SWAC has a 36 bit word, degrees and powers are limited to 143 and 2'” — 1 
respectively. About 4 second per multiplication is required in either routine. This 
means a maximum of 75 seconds for completion in either case. 

To apply this routine to the problem of determining a primitive generator, f,(2x) 
is used for G(x) and possible generators are used as F(x) in lexicographic succes- 
sion. The exponents are (2”"' — 1)/q; where q; are the prime divisors of (2”"' — 1). 
(It is a fortunate circumstance that all necessary factorizations are known [3].) 
If the power of F(x) is 1 for any of these exponents, F(x) is not a primitive genera- 
tor, and conversely. As a check the power is also calculated for g; = 1; here the value 
must be 1. Table 1 lists the earliest primitive generator for each prime. 
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TABLE 1 
Generating polynomials for GF (2); to be used modulis 2 and (x? + 1)/(x + 1) 








? | polynomial 

3 x 

5 r+] 
11 ev+et+il 
13 Yv?+2+i1 
19 wa+2+1 
29 P+erett¢+2zt+ i 
37 2+ 2 +1 
53 wt+et+il 
59 Y+ere+i 
61 v+e+1 
67 e+ 7 +1 
83 Ye+e+i 
101 Pt+etrt+2wt il 
107 ev+2+i1 
131 t@+24+i1 
139 a+2+1 





4. Generators of subfields of the cyclotomic fields. There are 16 primes covered 
by Table 1. If subfields are considered, 24 additional fields may be constructed. 
Specifically, for each polynomial in Table 1 as F(z) and its corresponding f,(x) 
as G(x) we compute the (27 — 1)/(2* — 1)-th power of F(x) for each divisor 
dof p — 1,2 < d < p — 1. The results are tabulated in Table 2. Here, in the 
largest case, the result is a polynomial of degree 138 and we have adopted a con- 
densation of coefficients into octal notation to bring the result within manageable 
proportions. For example, x’ + 2° + 2° + a + x + 1 may be represented first by 
the ordered octuple of its coefficients: 10 110 111, and these may be read in groups 
of three as octal numbers. Thus the polynomial would appear as 267. 

The polynomials of Table 2 are not necessarily the lexicographically earliest 
generators of their fields. It would be quite impossible to find such generators. 
However the disadvantages of polynomials of large degree are not as great as might 
be assumed at first thought. If a number of powers are to be computed, the full size 
of the registers is needed for the reduction modulo f,(z) and no more additions are 
needed to compute the irreducible polynomials than if the degrees were smaller. 
The only unavoidable disadvantage is the danger of an error in transcription. 
The entries in the table have been preserved against error by a comparison of 
output decks on successive runs and careful proofreading. 


5. Utilization of generators to produce irreducible polynomials. As indicated in 
section 2, an irreducible polynomial is produced from an element z of GF(2") not 
belonging to a proper subfield by finding the relation of dependence of 
2, 2', 2, ---, 2". In one set of n + 1 registers are initially stored the powers of z. 
Another companion set is loaded initially with a single 1 in the 7th place, i = 0(1)n. 
Whenever an operation is performed in one set of registers, the same is done to the 
companion set. By addition of other elements of the power registers the value 0 
is obtained in the 2 (or 2”) register. The irreducible polynomial is then read from 
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TABLE 2 


Generating polynomials for proper sub-fields of GF (2?-'). Fields are GF (2*) for d| p — 1, 
Generators are to be used modulis 2 and (x? + 1)/(x + 1). See section 





4 for use of octal notation to represent polynomials. 
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ea 


polynomial 

64 

75 

2 

25 

42 

3870 (T7777 
T7777) 77777 
73777) 77777 
42260 36634 
20714 00420 
60310 30220 
35170 = 05511 
T7777) T7777 
77777 T7777 
04144 04004 
15105 11634 
22004 40100 
62617 70360 
T7777) T7777 
77777) T7777 
07006 = 07414 
22064 32472 
44500 03000 





“10124 


00000 
24504 
13043 
46004 
11170 


00000 


eiedededed 


iiito 
03412 
36641 
24444 


iti 
42534 
50100 


00000 
50000 
36044 
02150 
41201 


30210 
00220 
53322 


5555 


----- 


360 


1760 
1156 
1321 


77744 
26202 
63175 


77705 
66330 
56617 


00055 
20271 
20031 
11234 
73746 
31274 


77744 
21744 
22003 


77760 


77760 
17760 
00360 
71022 
15265 
74461 
01174 
31207 
52020 


00055 
35255 
32101 
41023 
22105 


77760 


77734 
70774 
36044 
20231 
30004 
10443 


77760 


77760 
36720 
77325 
00030 
57274 


77744 
54744 
41345 
10117 
00270 
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the companion register. The process can be carried out by systematic diagonali- 


zation. 


As an example, we construct a primitive irreducible cubic using z 
+ 1 (1321) for p = 13. We find 2 = 29 + 2° + 2 +27 4+2°4¢ 24+ 


4 


zr + t 


vteavand2 =2° + 2° + 2° + 2°. The calculations can be arranged: 
1: 000 000 000 OO1 1: 000 000 
z: 001 O11 010 O01 2 +2: 000 000 


z: 111 O11 O11 100 
z: 001 O11 010 000 
z +2+1:000 000 000 000. 


Specifically, 2° is used (vacuously) to clear the first column; then discarded. 
The second column is now empty; z’ is used to clear the third column and discarded. 
All but the last column are now clear and z* + z is used to finish the job; the poly- 
nomial is 2 + z + 1. Alternatively we could have started from 1 and the right 


hand column: 
z+ 1: 001 O11 010 000 
2: 111 O11 O11 100 
2°: 0O1 O11 O10 000, 
z+1:001 O11 010 000 2 +241: 000 
2: 001 O11 010 000 


The diagonalization process, while requiring large storage, is very rapid. No 


9 ee . 
more than 2pn° additions need be performed. 


University of California 
Los Angeles, California 


1. A. A. ALBERT, Fundamental Concepts of Higher Algebra, University of Chicago, 1956. 
2. L. E. Dickson, Linear Groups with an Exposition of the Galois Field Theory, Teubner, 


Leipzig, 1901. 


3. M. Krarrcnik, Introduction a la theorie des Nombres, Paris, 1952. 
4. R. Price & P. E. GREEN, 5r., “‘A communication technique for multipath channels,” 


Proc., IRE, v. 46, 1958, p. 555. 


5. N. Zrerver, ‘Linear recursive sequences,’’ Soc. Ind. Appl. Math., Jn., v. 7, 1959, p. 31. 





Improved Methods to Calculate the Characters of 
the Symmetric Group 


By Stig Comét 


1. Introduction. It was shown by Bivins and others [1] how the characters 
x. of the symmetric group of degree N may be calculated with the aid of an elec- 
tronic computer. By repeated use of a recursion formula due to Murnaghan (ref. 
in [1]), the characters are finally expressed by means of special characters, with 
« = 1”, for which an explicit formula exists, due to Frobenius. The same principle 
was applied in a program written for the electronic computer BESK at Stockholm. 
As was indicated at an early stage [2], I have used the Nakayama version of the 
recursion formula in this program, thus avoiding some of the trials giving zero terms. 
Aiming at economy with respect to storage space, in order to permit as high values 
of N as possible, I tried different ways of representing partitions binarily; some of 
them were described in [3]. The one which was then called Second Method turned 
out to be most convenient. Some details of the program are described in §4 as an 
introduction to the use of this method. The general plan of the calculation is given 
in §3. Some observations from the runnings are reported and briefly discussed in §5. 

It should be mentioned here that the program has been run at BESK, free of 
cost, during periods when machine time has been available. | am very grateful to 
Matematikmaskinnamnden, The Swedish Board for Computing Machinery, for 
this favor. 

The employed notation for partitions is a useful tool even for certain theoretical 
considerations. This fact was developed recently [4], and we shall quote, in §6, 
some of the results obtained. Further, in §7 and §8, we shall deduce a few formulas, 
expected to simplify the character calculations. 


2. Definitions, Notations, and Formulas. We denote by x,’ a simple character 
of the symmetric group of degree N, remembering that this character is completely 
identified by two partitions, p and x, of the integer N. One of them, written as a 
subscript, indicates the class of conjugate group elements to which the character 
corresponds, the other one, written as a superscript, determines the irreducible 
representation from which the character emanates, as the trace of the representing 
matrix. In particular, the partitions p = (N) and p = (1”) specify the unit and 
the alternating representations, respectively. 

The class x = (1”) consists of one element only, namely the unit element of 
the group. In a representation indicated by the partition p = (rm, T2,-** , Tm); 
where r; 2 m2 2 --- = rm 2 O, the corresponding character is obtained from the 
Frobenius formula 


N! 


1 hh = ——_____ i -R; 
( ) Xa) R, Bet a (R R;) 
where 

(2) R;=r+m-—i; $= 1,2, --+.m. 
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There is no closed formula giving the characters of an unspecialized class 


x = (ki, ke, ---,k,), but, with the aid of Murnaghan’s recursion formula 
(i) 
(3) x’ = Dex. 
@ 


they may be expressed by means of characters of a symmetric group of lower degree. 
In (3), the partition «’ appears, if one of the components of «, say k. , is deleted. 
The partitions p” are obtained from p following certain rules, also telling us whether 
the sign factor «; has the value +1 or —1 or 0. 

The method of hook removals, introduced by Nakayama [5], simplifies the 
application of (3) in two respects. Firstly, by this method only those p“” are caleu- 
lated which correspond to an ¢«; # 0, and, secondly, the value of ¢; is obtained as 


(4) e; = (—1)* 


where z; is the so-called leg-length of a hook. 

It is advantageous to use, for the representation partitions p and p‘” in (3), 
the notation introduced as Second Method in [3]. From now on, we shall give to 
this notation the name of rim of the partition, because of its geometrical meaning, 
as in a paper by Frame and others [6]. The rim FR of a partition p = (m1, 72, --- , Tm) 
can be defined as a sequence of binary digits, in which each component r; is repre- 
sented by a digit = 0, immediately followed by r; — ris: digits = 1, considering 
rma to be = 0. For example, the rim of p = (6.6.5.5.3.2) = (6°.5°.3.2) is 


(5) R = 001001101011. 


Conversely, the partition p is easily reconstructed from R, the component r; being 
equal to the total number of 1-valued digits to the right of the ith zero. Evidently, 
1-valued digits to the left, and zeros to the right, do not influence this determination 
of r;, nor do they affect the definition of R. Therefore, a sequence of digits like 


11111001001 101011000000 


is considered to be a rim of the same partition p as (5). We will distinguish (5) 
as the normalized form of the rim. In a computer as BESK, where the basic opera- 
tions, assuming fixed binary point, act on numbers with absolute value <1, the 
rims are conveniently inserted immediately after the binary point. Thus, the rim is 
represented by a number 


(6) R=1-(1+ )2")-2” 

t=] 
where R; has the same meaning as in (2) and Rp is an arbitrarily chosen integer 
(within the scope given by the word-length) satisfying Ry) > R, . The normalized 
form of R corresponds to Ry = R, + 1. 

The geometrical illustration of R is obtained, if the digits are represented by 
adjacent line segments of equal lengths, those labeled 0 being directed vertically 
downwards, those labeled 1 horizontally to the left. The broken line constructed 
in this way is precisely the right. lower rim of the Young diagram of the partition 
p. Historically, the notation R was first based on this geometrical figure. 

Each pair of digits, formed by a 0 in a rim and a | situated k steps in the rim 
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to the right of this 0, is said to form a hook of length & in the rim or, shorter, a 
k-hook. It corresponds to the Nakayama hook, and, together with the intermediate 
digits, it is a binary representation of the rim-hook used by Frame and others [6]. 
The two digits which form the first mentioned pair will be called the end digits 
of the hook. The number of zeros between the end digits is =z; in (4). The removal 
of a hook is effectuated by simply interchanging the two end digits of the hook. 

In terms of the expression (6), these considerations will read as follows. The 
jth 0 of R, if counted from the binary point, may be used as left end digit of a k-hook, 
if and only if R; — k is different from all the quantities R; . If this condition is ful- 
filled, the hook will be removed by substituting R; — k for R; in that term of (6) 
where 7 = j. Thus, the value of R will change to R. where 


(7) R, = R + (1 — 2*) 22". 


The number z; of zeros between the end digits is equal to the number of indices i 
for which R; > R; > R; — k. 

Another operation used in the calculation process is the passage to the rim R of 
the partition , conjugate to p. This rim R& is obtained by writing the digits of R in 
the reversed order, replacing each 1 by 0 and each 0 by 1. Thus, corresponding to 
the example (5) we get 

R = 001010011011 


being the rim of 6 = (6°-5-4°-2). 
It should be noted that the essential part of our notation is the sum 


m 


Fi 
(8) > 2‘=r 
i=1 
which enters in the expression (6). The special form (6) was chosen in order to 
adapt it to the operation list of BESK. It is clear that the form may be modified so 
as to suit other computers. 


3. The Actual Calculation Program. In order to avoid complication, I have 
restricted the calculation to those representations p which can be stored, by means 
of their rims, within one word in BESK. This means the following restriction for 
technical reasons, 

(9) rtm s 38, 


r; being the greatest component of p, as before. This condition indicates the limit 
of the capacity of the program in its present form. 

If p varies through all partitions of N, we haver; + m < N + 1. Hence, N must 
in such eases be limited to 


(10) N 


lA 


37. 
For an isolated p, satisfying (9), N may be greater. For instance, if p = (19"°), we 
get N = 19° = 361, the greatest value of N that can appear in the present version 
of the program. 

The partition « is stored in a different way (see below), not using the rim, but 
requiring that the components, k, , of x satisfy the condition 


(11) ke S37 forall a =1,2,--- ,n. 
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In fact, if a component of «x is 2r; + m, the value of x,’ is 0, and there is no need 
for calculation. Thus, the condition (11) means no further restriction, from a 
practical point of view. 

Originally, the program was not intended to calculate complete character tables, 
but only to give individual characters, thus serving as a substitute for a character 
table. A set of compiling routines, activated by different start operations, has later 
been added, permitting the program to work in the following variants: 

(i) Calculate all x,” for a given N, under the heading of one p at a time, either 
for strictly all partitions p or for only one in each pair of p and p. Stop after the 
completion of an N, and then, after start, continue with the next, N + 1. 

(ii) As in (i), but under the heading of one x, instead of p, at a time. In the 
case when x,’ is not calculated because x,” has already been, the letter C is printed 
(for “conjugate’’). 

(iii) Calculate all x,” for one given p. 

(iv) Caleulate all x,” for one given x. 

(v) Calculate x,’ for one given pair of p and x. 

(vi) As in (iv) but, instead of giving out the values of x,’, select the one having 
the greatest absolute value. Print this x,” together with the corresponding p and «x. 

The central, common part of these programs will now be outlined, and a few 
points of it will be treated in greater detail. Suppose that p and « are already repre- 
sented in the computer, p by means of its rim R, inserted, in its normalized form, in 
a storage cell, while «x is represented in the following way. Let us write 


(12) x = (k,,ke,---,k,, 1*) 


where 
ky + ke 4+.---4tko + q= N. 


The order of succession of the components k, (a = 1, 2,---, m) must be fixed 
before the calculation, not necessarily a monotonous order although it is appro- 
priate to begin with the greatest components. There may be some k, = 1, but in 
most cases all the 1-valued components are comprised in 1°. Now, each of the com- 
ponents k, will be stored as represented by a number 2 “***. For the storage of 
these numbers a set of cells are at disposal, which we will call H, . The number q 
is separately stored. 

The calculation method consists in a repeated use of the recurrence formula (3), 
removing successively hooks of length k; , ke, --- , k,n by the rule (7). After this, it 
remains to make calculations using (1) with g for N. The rims of the representation 
partitions appearing after the hook removals will be stored in a set of cells, called 
W, (a = 1, 2,---,n), where W, will contain a rim from which a k,-hook is the 
next to be removed. Its sign position will contain the sign factor resulting from the 
preceding hook-removals. 

Designating by x a quantity intended to get the end-value x,’, by P and P, 
two partition rims under consideration, and by e and e, certain corresponding sign 
factors, we describe the calculation: 

1. Insert initial value 0 for x. 
If n = 0, i.e. if x = (1*), put R for P, and pass directly to point 6 below. 
If n > 0, insert R into W,, put 1 for a, and arrange such an order modification 
that point 3 will not be neglected. Pass to point 2. 
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2. The contents of W, are examined: The sign digit of this word replaces e, the rest 
of it replaces P. Pass to point 3 or 4 according to latest order modification. 

3. The positions j of the left end-digits of all possible k.-hooks in P are determined. 
Digits = 1, placed in the found positions, are called hook indicators and are 
inserted into H, (together with the number 2“ already stored there). 
Pass to point 4. 

4. The contents of H, are examined: 

If there are no hook indicators, change a to a — 1. 

If the new a > 0: After modification so as to neglect point 3, pass to point 2. 
If the new a = 0: Calculation ended. Pass to output routine. 

If there are one or more hook indicators: The most significant of them is removed 
from H,. Corresponding to the same indicator, the k.-hook is removed 
from P, giving P,. The number, z, of zeros within this hook is counted, 
and e-(—1)° gives e,. 

If a < n: Pass to point 5. 

If a = n: Pass to point 6. 

5. Insert e, into the sign position and P, into the other positions of W.4: . Change 
atoa-+ 1. After order modification, assuring that point 3 will not be neg- 
lected, pass to point 2. 

6. Calculate xGi») using formula (1) for the partition + corresponding to the rim 
P,.—NB. For all p such that 3 S p S M (= 13), these characters are 
precalculated for all + and permanently stored. 

Replace x by x + e+ xi») . Pass to point 4. 


4. Some Details of the Program. It should be mentioned that great values of p 
may cause xu») and x to exceed the word-length. Multiple-word routines are then 
automatically called into action, permitting, in the“actual lay-out of the program, 
character values of at most 576 decimal digits. 

Further, if p > M’ = M (M’ = 19), the calculation of x(1») is not executed in 
point 6, but the rim P, is stored and then the program passes to point 4. For the 
storage of different P. and for accumulating coefficients of them, a set of working 
storage cells is available. When it occurs that this set is fully occupied, and always 
before passing to the output routine, the calculations of point 6 are executed for all 
the stored rims, and the value of x is correspondingly determined. After clearing the 
set of working cells, the program may continue, if necessary. 

Some of the points which have been programmed in a specific way will be 
described in the sequel. 

a. Determination of the indicators (point 3). By shifting the rim P to the left 
k, steps (and dropping the digits passing the binary point), a number Q is obtained. 
By changing all zeros of P into 1, and all ones into 0, one form of complement, P, 
is obtained. The “logical product” of Q and P gets a 1 in those positions (only) 
where both Q and P have a 1. Thus, this logical product gives directly all the indica- 
tors of ka-hooks in P, and it is inserted into H,. 

b. Test on hook indicators in H, (point 4). The negative contents (modulo 2) of 
H, are normalized. This means that a number, represented by binary digits, is 
shifted to the left, until unequal digits appear on either side of the binary point. In 
the actual case, the normalization will give a 1 to the left, a 0 to the right of the 
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binary point. If there were no indicators in H,, there would be only zeros to the 
right of the binary point after the mentioned normalization. This case is very easily 
distinguished from the opposite one. 

c. Removal of an indicator and a hook (point 4). The normalization process includes 
counting the shift steps. Thus, the number, v, of shift steps during the normaliza- 
tion under point b above determines the position of the left end-digit of the first 
ka-hook, this position being the (v + 1)st after the binary point. The number 
h = 2°", obtained from 2™ by shifting v steps to the right, is subtracted from the 
contents of H, , thus removing the first indicator. 


Further, if the negative number —h is shifted k, steps to the right and then h is 
added, we obtain 


h’ = h — h-2* _ “es ta gto 


According to (7), the rim, appearing when the hook in question is removed from P, 
is obtained as P, = P + hi’. 

d. The number of zeros within the hook (point 4). The logical product of the num- 
bers h’ and P consists of those digits of P which appertain to the hook, and, outside 
the hook, zeros. By means of a v + 1 steps shift to the left, it is brought to such a posi- 
tion that the interior of the hook begins at the binary point. In the present version 
of the program, the number, z, of zeros within the hook is now obtained by repeated 
normalizations, accumulating only the number of those shift steps when zeros pass 
the binary point. It would have been better to examine the hook one digit at a 
time, because such a process is more rapid for hooks of short length. Removals of 
short hooks have to be repeated considerably more times than those of longer hooks. 

Point 4 is the most frequently repeated sequence of the program in the phase 
of applying the recursion formula (3). The programming methods just described 
have resulted from my efforts to reduce the execution time for this sequence as far 
as possible. The weakest point is still the determination of z. 

With respect to the definition (12), removal of hooks of length = 1 need not 
occur in a standard running of the program, unless such hooks are used for special 
purposes, e.g. checking. Instead of the removal of 1-hooks, the Frobenius formula 
(1) is used which, fortunately, works considerably faster. 

e. The calculation of x(1») (point 6). Only a few remarks on the programming of 
formula (1) are to be made. The calculated characters, which are all integers, may 
have very large values requiring arrangements for multiple-word calculation. 
Further, the numerator, being still larger, should not be explicitly evaluated, and, 
finally, operations which might introduce round-off errors should be avoided. The 
following strategy will meet these demands. Each factor entering in (1) is factor- 
ized into a product of prime powers. In a set of storage cells, one cell for each prime 
number, the exponents of the prime powers are accumulated, i.e. added if they 
come from the numerator, subtracted if they come from the denominator. After- 
wards, the character is obtained by successive multiplications of the prime num- 
bers, with due regard to the final values of the exponents, which will never be 
negative. When multiple word-length is required, the number of storage cells is 
successively adapted to the actual demand. As an intermediate stage, as many of 
the prime factors as possible without exceeding one word-length are multiplied, 
thus reducing the required number of multiple-word operations. 
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5. Observations from the Computing Work. The version (i) of the program 
(see §3) has been run by the regular staff of BESK-operators, when computer time 
has been available. Complete character tables have been calculated for all N < 20. 
The results were produced by the machine punched on paper tapes, and these have 
also been printed out on paper sheets [8]. In each pair of conjugate representations, 
p and j, only one has been treated. The chosen representation partition has been 
written out as a common heading for the characters in this representation. These 
have then been listed following the class partitions, x, which succeed each other in 
lexicographical, non-increasing order, beginning with x = (N) and ending with 
x = (1*). The calculation time, including the tape punching of the results, was for 
the table N = 16 about 105 minutes, for the table N = 20 about 51 hours, of course 
scattered on many partial runnings. 

The versions (ii) through (v) have not been systematically employed for table 
calculations. Yet, many series of experiments have been made, giving some informa- 
tion on the differences in complexity between the calculation schemes in different 
cases, e.g. for different classes. The results can not be reported here. 

The variant (vi) was prepared in view of giving an experimental answer to the 
question proposed in Note 9 of the paper [1] by Bivins and others. The case of 
x = (1”) has been treated for all N < 30, and we will list here those representation 
partitions which were found to give the greatest character for each of the N = 
3, 4, °°: , 30: (2.1), (3.1), (3.1), (3.2.1), (4.2.1), (4.2.17), (4.27.1), (4.3.2.1), 
(5.3.2.1), (5.3.2.1°), (5.3.2°.1), (6.4.2.1°), (5.4.3.2.1), (64.3.2.1), (6.4.3.2.1’), 
(7.4.3.2.1°), (7.5.3.2.1°), (7.5.3.27.1), (7.5.3.2".1°), (7.5.4.3.2.1), (7.5.4.3.2.1'), 
(8.5.4.3.2.1°),  (8.6.4.3.2.1°),  (8.5.4.3.27.17),  (8.6.4.3.2°.1°),  (8.6.4.3°.2.1°), 
(8.6.5.4.3.2.1), (8.6.5.4.3.2.1°). 

Giant character values may appear already at rather small degrees N. As an 
example, for N = 30, the maximum character is a number with 16 decimal digits. 
The greatest value calculated by the version (v), under the condition (9), is ex- 
pressed by 325 decimal digits; it corresponds to N = 361, p = (19"), « = (1°). 
Another character, corresponding to the same N and p, but « = (7.5.1°"), is a 
313-digit, negative number, etc. 

There is no particular checking sequence in the program. The reason is that the 
main purpose of the program is to calculate individual characters, as in version (Vv), 
and then the normal checking method, based on orthogonality, is of no use. There- 
fore, in order to check a calculated value, x,”, one should recalculate it in introducing 
the components k; , kz, --- of « in an altered order, this leading to a check if they 
are not all equal. If they are all = 1, i.e. « = (1*), the recalculation is made with 
one or more k, = 1 in (12), where q is adequately diminished. Thus, the only un- 
checked cases are those of kx = (p*) with p > 1. Concerning these cases, see, how- 
ever, §7. 

Most of the tables calculated by version (i) being unchecked, it is still possible 
to subject their values, as they are punched on paper tape, to the orthogonality 
test by means of a separate program. However, it will be neither possible nor neces- 
sary to carry out this test to its full extent. 


6. Deductions for Further Improvements. Although it is interesting that, 
theoretically, the entire character calculation could be built up by hook removals 
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it is important that, in practice, more effective routines can be introduced, reducing 
the number of hook removals. For such a purpose, the Frobenius formula (1) was 
included in the program described above, where it could replace the removals of all 
hooks of length = 1. In an improved program, this formula is to be generalized to 
the case of x = (p*) where p may be > 1. 

Another way of reducing the number of hook removais to be executed is to 
observe that one and the same rim may be obtained several times when sequences 
of hooks of length hk, , ke, --- , kn: (2 S n’ <n) are removed. Instead of calculating 
the contribution to x of that rim each time it occurs, one should multiply the con- 
tribution by an appropriate coefficient. Already in the described version of the pro- 
gram, this procedure was used at a certain point, as indicated in the beginning of 
§$4(--- ifp > M’ = M --- ). It should, however, be used more systematically. 

The realization of these desiderata requires some new formulas and rules. These 
can be based on the rim notation. In [4], detailed foundations and deductions are 
given, and, in the present paragraph, we shall quote from [4] what is needed for the 
developments in §7 and §8. 

The essential part of the rim notation, i.e. the sum (8): 


(8) r= > 2" 
i=1 


will now be called, as in [4], the binary model of the partition p. If (8) is written 
down in binary digits, to each 1-valued digit is associated a quantity called its 
weight, defined as the total number of zeros to the right of it up to the binary point. 
The weight of r is defined as the sum of the weights of its 1-valued digits. Calling 
it N(r) we get, with regard to (2), 


(13) N(r) =nt+rt+--- + re. 


Thus, the weight of r is equa! to the number N of which p is a partition. A special, 
binary model called u, with R; = m — i, has the weight 


m 


(14) N(u) = 0; “Te % nae 
i=] 
The digits, 1 and 0, of a binary model r could be considered as indicating the 
gz £ 

presence or absence, respectively, of m movable objects at the locations represented 
by the digit positions of the number r. 

The removal of a k-hook from the rim R, as in (7), is equivalent to an operation 

| 

called reduction of the binary model r to another one, r’, such that 


(15) Part Qi — Zi, 


It is easily proved (see [4] for this and other details) that 
N(r’) = N(r) — k, 
i.e., k is the decrease in weight. We say that (15) is a reduction of r by the amount k. 
This reduction could be described by an operation on the jth object of r consisting 
in moving it k steps to the right. 
A sequence of successive reductions by the amounts hk; , k2, --- , k» is ealled a 


chain of reductions. If k; + ke + --- + k, = N, the chain will transform r to a 
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binary model u of the form (14). The number of existing chains of reductions by 
the indicated amounts, leading from a given r to u, is not independent of the order 
of succession of the reduction amounts. Therefore, we have introduced the value 
of a chain as (—1)*!****"""***, where z; is the number of objects (1-valued digits) 
passed by the moved object during the reduction by the amount k;. As shown in 
[4], the swm of the values of all chains of reductions by the amounts k, , kz, --- , k, 
is the same as the sum obtained, if another order of succession is chosen for these 
amounts. It follows that this sum is characterized by the partition «x of N having 
the components k; , kz, --- , kn . It will be denoted by x.(r) and sometimes called 
the characteristic value of « determined by r. It is, in fact, identical with the char- 
acter x,’, but it may be convenient to keep the notation x,(r). 

A generalization is obtained in considering those chains which reduce r, not to 
u, but to 7’, where 7’ is the binary model of a partition p’ of a number N(r’) < 
N(r). The sum of the values of all chains of reductions leading from r to r’ and 
consisting of reductions by the amounts indicated by the components of a certain 
partition «” of the number N(r) — N(r’), will be denoted by x.-(r; 7’) and called 
the characteristic value of x” determined by the reduction of r to 7’. If x’ is a parti- 
tion of the number N’, we get the fundamental formula 


(16) xere(t) = Do xe (15 1’) xe (r’) 


where the binary models 7’ correspond to partitions p’ of the number N’. The demon- 
stration depends mainly on the consideration of the chains leading from r to r’ and 
of those leading from r’ to wu. Concerning the details, the reader is referred to [4]. 
It should be observed that (3) is contained in (16) as a special case. 

We shall show, in §7, how (16) may simplify the calculation of x,” if special 
properties of the components of « can be utilized, and, in §8, how (16) may lead 
to relations independent of «x, but depending on different p. 


7. Utilization of Properties of x. If x is a partition of N, let «” be the partition 
formed by those components of « which have a common factor p, where p is an 
integer > 1. Then, the components of x” may be written pq , pq2,--- , Pgn . This 
x” is a partition of a number, say pM, also containing the factor p. The numbers 
41, 92, °** » Q, are the components of a partition of M, which we will call . Finally, 


we put 
N — pM = N' 


being, in (16), the weight of r’. It is clear that x’ is a partition of this N’, as it is 
formed by all those components of x which are not comprised in x”. 
At the determination of x,-(r; r’), the objects of r are moved to the right by 
multiples of p steps. Therefore, the binary model r may be split into p binary models 
@ 7, .-.,r™ in such a way that each object remains within one and the same 
model when moved. In order to get suitable and unambiguous rules, we shall assume 
that both the number of 1-valued digits of r and the total number of digits of r are 
divisible by p. In fact, we can always adjoin ones to the right of r and zeros to the 
left, because this does not change the weight of r. Now, the splitting of r is most 
easily accomplished in writing the digits of r in successive, vertical columns of 
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height p, as in a matrix. The digits found in horizontal rows then form the binary 
models r”, j = 1, 2,---, p. 

Each chain of reductions corresponding to x”, executed on r, is represented by 
chains of reductions by the amounts q: , g2 , --- , gx executed on the binary models 
r”, Thereby, the reduction amounts on r” will be denoted m'”, g:”, --- , gh, 
which are the components of a partition ¢” of a number M”’. It is necessary that 


(17) M® < N(r®). 
Because M” + M® + .-- + M™ = M, it follows that necessarily 


P P 
(18) >> N(r®) = M, 
j=l 
as soon as there are chains corresponding to x”. 
On the contrary, if 


P - 
(19) > N(r®) < M, 
j=l 


there can not be any chains corresponding to «”, and, hence, the sum in (16) is 
empty. Consequently, if (19) holds, the character x,.:(r) = 0. 

Returning to the case when (18) is satisfied, we have to distribute the compo- 
nents of &, in all possible ways, to partitions ¢’” of numbers M™ satisfying (17). For 
each of these distributions we subject the binary models r” to chains of reductions 
by the amounts given by the appropriate ¢°”. We denote the resulting binary models 
by r’”. One particular system of such binary models is obtained by means of chains 
of reductions which correspond to certain chains of reductions executed on r. The 
binary model r’, obtained by this reduction of r, can be written down very easily, 
if the digits are read column by column in the matrix where the 7” are rows. 

Further we may conclude, similarly to the discussion in [4] (p. 105), that the 
value of the chain from r to 7’ differs from the product of the values of the chains 
from r” to r’ only by a factor = sgn Q-sgn Q’, where sgn Q is +1 or —1 depend- 
ing on r and the r” only, whereas sgn Q’ is +1 or —1 depending on r’ and the 


r’ only. For the sums of these values we get 


P. . °. 
(20) xe(r3 7’) = sgn Q-sgn QW DTT xen (r?; 0) 
j=t 


where the summation is extended over all distributions of the components of — to 
such ¢” which lead to the actual set of r’”. If some of the components of £ are 
equal, it may happen that one set of ¢” is obtained several times. Let a component, 
valued i, be present r; times in ¢ and 7;; times in ¢”. This set of ¢” is obtained so 
many times as given by the expression 


M 
M 2@ |. g@))y rt 
(21) g(t ? g 5] ’ g ) - Pp 
Il Ti ! 
j=1 
We can now write (20) in the following form: 


P , , 
(22) —-xe (r3 7”) = sgn Q-sgn Q’- De(E™, >>, E) TD xecn(r; 0°) 
j=l 
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where the summation is extended over all different distributions of £ to £”. When 
inserting (22), with (21), into (16), we observe that the factor sgn Q, but not the 
factor sgn Q’, may be put outside the summation sign (over r’). 

The sign factor sgn Q is determined by means of the number wo of inversions of 
the objects of r introduced by replacing r by the set r”. A method to obtain w, 
suitable for a computer program, could be sketched as follows: The method consists 
in counting over the objects column by column in the matrix formed by r”. Let, at 
a certain moment, m”’ be the number of still uncounted objects in the jth row. If, 
then, the next object is encountered in the Jth row, the following two operations 
are made: 

(i) The accumulated value of w is augmented by m™ + m® + --- +m?" 

(ii) m”? is replaced by m“” — 1. 
When all objects have been counted, we get 
(23) sgn Q = (-1)°. 


Of course, sgn Q’ is obtained similarly from 7’. 

Special cases occur if (18) reads as an equality. In these cases, the relations (17) 
must be equalities, too, and it follows that all the binary models r’” have the weight 
= 0. Therefore, there is only one set r’” and one single r’. This r’ is the binary model 
of the partition called by Littlewood [7] the p-residue, and by Nakayama [5] 
the p-core of p. Observing that, in these cases, the characteristic values 
xe (r”; vr’) become veritable characters, the formula (16), with regard to (22) 
and (21), gives the following expression: 


P 
(24) Xue (1) = sgn Q-sgn Q’ -xe(7’)- > ¢ ll xe(i) (r? ). 
j=1 


This will be still more simplified if all components of x have the common factor p. 
In this case x” may be chosen = « so that x’ will vanish. If all the binary models 
r” contain equal numbers of 1-valued digits, the character x,(r) is given by (24), 
where x,’(7”) has to be put = 1. If the r” do not satisfy this condition (although 
the number of 1-valued digits in r is divisible by p), the inequality (19) holds (see 
[4]) and, consequently, the character x,(7) is = 0. 

Finally, if « = (p™), the last considerations may be completed by giving the 


explicit expressions for xe(r”). Because ¢” = T peas 3 the Frobenius formula 
(1) is applicable. Writing, in analogy to (2), 
R,? = r,? +m —h (kh = 1,2, --- , m)’ 


where m is the number of 1-valued digits in each r”, we get for the 
quantities in (21): 


n= M; ra = M”; Tr? = 7; = 0 for 7 ¥ 1. 


Observing that there is only one set of . we obtain from (24) the non-zero char- 
acters: 


= (TL (a? = R°) 
(25) xom(r) = sen Q-sen Q » MITT a 
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In summarizing, we find that the utility of the described method may appear in 
two respects. Firstly, the binary model r is split into the models r” which, corre- 
sponding to partitions of smaller numbers than the original one, will need consider- 
ably less computing work. Secondly, the calculation of the factor ¢ by means of 
(21) will shorten the computing work as soon as it replaces the treatment of several 
equal terms in a sum. The utility of the inequality (19) for the detection of zero- 
valued characters is evident. 


8. Relations Independent of «x. Turning our attention to the binary models 
r and r’ in x,’ (r; 7’) of (16), we write, as in (8), 


m m . 
(26) r= >) 2% and r = > 2% 
=1 


i=1 i 


where, as in (2), 
(27) R,;=r6+m-—i and Rf =r/ +m — i, 


the number of 1-valued digits being the same, m, in both models. 
Preliminarily, let us assume that r and r’ satisfy the conditions: 


ir; 27; fort = 1,2, --- ,m, 


(28) 


) . ‘ 
ir’ 2 inn fort = 1,2,---,m— 1. 


By (27), this means 
R;2 Ri and R/ > Ria, respectively. 


It follows that, by each chain of reductions leading from r to r’, the ith object of r 

will become the ith object of r’, 7.e. the objects will not be permuted. The values of 

such chains, corresponding to the components of «x (written instead of x”), will be 

+1, and the sum, x, (7; 7’), of these values will be equal to the number of the chains. 
If the components of «x are k; , ke, --- , kn , with 


ky + ke + sa ie + a = N, 


each chain is constructed by distributing these components to sequences k,*"’, ks*", 
aa ce (4 = 1, 2,---, m), the ith sequence indicating the movements of the 
ith object, thus 


(29) ky + ke +--+ +k = Re - Rf =r - ri. 


The chains depend merely on «x and on the differences r; — r;/ = d; , but not on the 
components r; and r,’ themselves, provided that they satisfy (28). The number of 
chains is equal to the number of distributions of « satisfying (29). If another pair of 
binary models r and 7’ satisfies (28) and gives the same set of differences d; , which 
may, however, come in a different order, the system (29) will still have the same 
number of solutions. Therefore, denoting by 6 the partition of N with the com- 
ponents d, , d2,--- , dm, we find that the number of chains leading from r to r’ 
depends merely on « and 6. We will write this number y.’, and for binary models r 
and r’ satisfying (28) we have 


x(rir)=ve 
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In the general case, the condition (28) does not hold but only 


(30) r,27/ for +=1,2,---,m, 


>=? 


expressing that the objects never move to the left during a reduction. The objects 
may be permuted by a reduction chain. Let us consider those chains by which the 
ith object of r becomes the pth object of 7’ (i = 1, 2, --- , m). Here, the numbers 
Pi, P2,*** » Pmform a permutation P of the integers 1, 2, --- , m. Not all permuta- 
tions P are possible, because it is required that 
(31) R; -— R), 20 forall « = 1,2,---,m. 
We write 

R; — R,, = di, 
which are, as before, the components of a partition 6, now depending on P. The 
number of the chains considered is < y,’. It will be < ¥,’ as soon as a distribution 
like (29) would cause two objects to coincide after some reduction steps, which is 
not permitted. By a reasoning, made in detail in [4] (see p. 99 ff.), we find that, if 
sgn P is defined as +1 for all even and —1 for all odd permutations, the sum of all 


sgn P-y,’ will be equal to the sum of all values of the chains leading from r to r’. 
Thus, 


(32) xe (737) = Do sgn P-y, 
(P) 
where P ranges over all permutations of 1, 2, --- , m compatible with (31). This 


formula holds for all partitions x of the number N, so that we may leave out the 
index x. By x(r;r’) and y’ we could mean vectors or 1-column matrices, simplifying 
(32) to 
(33) x(r;7) = ; sgn P-y 

(P) 

We note that, for r’ = u, the quantity x, (7; 7’) means the character x,’. Thus, 
the vector x’ is, by means of (33), expressed as a linear combination of the vectors 
v’, both p and 6 being partitions of N. Now, as the different vectors x’ are linearly 
independent, and as the number of the vectors y’ is equal to that of x’, we conclude 
that the vectors y’ also form a linearly independent system. 

At the practical application of these formulas we have to calculate the quanti- 
ties y,’. This could be done either by (29) or by counting chains of reductions from 
an r to an 7”, arbitrarily chosen but in accordance with (28). It is essential that no 
determinations of the sign + or — are required at this stage of the process. This 
means that the most time-consuming point in the calculation program (see §4, d) 
is avoided. At the insertion in (33), the factor sgn P is determined independently 
of the x. 

In certain situations one may prefer expressing the y’ in terms of x’. This is 
done by solving the system (33), with r’ = u, with respect to y’. The obtained 
expressions also present a theoretical interest. In fact, y,° is a compound character 
for the class x of the symmetric group in a representation obtained in the following 
way. Let S be the group of all permutations of a set of N objects. Dividing this set 
of objects in subsets containing d; , dz, --- , dm objects, according to the partition 
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6, we consider the subgroup S’ formed by those permutations which only permute 
the objects within the subsets. The group S is divided in complexes, S; , S:, - -- 
S, , induced by the subgroup S’. For each element s € S we have 


8- S; = Sy 


Thus, S; , --- , S, form a basis for a representation of S by matrices. The trace of 
the matrix representing s can be shown to be = ¥,’ where « is the class to which 
s belongs. The demonstration must be omitted here. The above mentioned expres- 
sion of y’ in terms of x’ indicates directly the structure of the described representa- 
tion. 

Returning our attention to the computing work required by (16), we see how 
the formulas (32) and (33) permit the calculation to be performed in “‘blocks”’. 
This will be the more necessary, the more the degree of the symmetric group 
increases. An improved computer program for character calculation should be 
planned so as to combine in the most efficient way the methods described in §7 and 
§8. This program has not yet been constructed, and, in fact, it is necessary first to 
establish the purpose for which the program is to be used, because this has a great 
influence on the decision concerning efficiency. 


Drémstigen 13 
Bromma (Sweden) 
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Tables of Values of the Modified 
Mathieu Functions 


By E. T. Kirkpatrick 


1. Introduction. Mathieu functions are encountered in physical problems in- 
volving elliptical boundaries. When the method of separation of variables is applied 
to the wave equation or the diffusion equation expressed in elliptical coordinates, 
there result [1, p. 170] the Mathieu and modified Mathieu equations, 


(1) pe + (a — 2q cos 2u)y = 0 
(2) + = (a — 2q cosh 2u)y = 0. 


du? 


The notation used is that of Goldstein, Ince and McLachlan. Solutions to the modi- 
fied Mathieu equation (2) can be assumed to be of the form 


(3a) y= Ce,(u, q) = > AS” cosh 2ru 
r=0 
x“ 
(3b) y= Cemyu(u, gq) = z Afst” cosh (2r + 1)u 
r=0 
oc 
(3e) y = Senii(t, gq) = Z. — sinh (27: + 1)u 
r=0 
ue . 
(3d) y = Senso (u,q) = >» se* sinh (2r + 2)u. 
r=0 


When the above infinite hyperbolic series are substituted into equation (2), 
recurrence relationships may be derived for allowable values of the characteristic 
numbers @2n4» (p = 0 or 1) for the even functions, or bo, (s = 1 or 2) for the odd 
functions for a given value of g. Recurrence equations also give the allowable values 
of the Fourier coefficients A#27*>” and B&*t"?. 

The formulas for both the characteristic numbers and the Fourier coefficients 
associated with each type of solution [1, p. 29, 37] are given below: 

For y = Ceo,(u, q) 


9,2 2 2 2 
’ “ee Iatet Se eee, ee 
ita) ww bee eee 6-  -.-. 
= ee Keen > 9 
(4b) Vor—2 a— Gr — @.’ rz? 
(4c) > = r= | 
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where 
aie 
(4d) Ve2 = _ —; ° 
4 on 
412r—2 


For y = Ceensi(u, q) 


¢ 2 


wae oe ee eae 1 sels 
” none rats PS PONS +. GUE 
‘ q 
5b) V4 = ———_-_—__________ 22 
(& 34 a — (2r + 1)? — qora a 
~t- 
(5e) y= sin Rio r= 1, 
q 
For Yau = S€on4i(u, q) 
a q q 
6a b i =a] — eee - -_ 
(6a) san ‘* 75 a— 3—a— S- a — (2r + 1)?— --- 
* ta 
6k or = ——_ 22 
(6b) Vor+1 a= i + i > oe r= 
— 1 
i ée 5, Pak 
q 
For Yon42 = S€enzo(u, qg) 
q q q 
‘ bese = 4 i. ae j prt 
(7a) ae ee a = a — (2r)?— --- 
v= q ‘ 
b Jor_9 => — — a= > 3 
(7b) tin a — (2r)? — qu,’ -— 
—4 
(7c) % = Ha ’ r= 2. 
q 
As a consequence [1, p. 24] of the Goldstein-Ince normalization 
27 
(8) y’ du = x, then for y = Ces,(u, q), l = of + > [A3** 
0 r= 


and for the remaining three types, 


(9) = Dias’ e => were = D were. 


r=0 r=0 


By dividing equations (8) and (9) through by [Ao°"’}* there are obtained equations 
of the form 


1 2 il A,” ] ke | [4s] ” 
ay Laem] = 2+ [Ses] + [Sie] + [Sen] + 
=2+ vo. + (v2 - Vo)” + (v4 + v2 - Vo)” ives, 


2. Computation of the Modified Mathieu Functions. For a given value of gq, 
the characteristic number is found by using a trial, error and interpolation method 
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using the appropriate transcendental continued fraction of the form of equation 
(4a). The computation was generally started with the 21st term equal to zero, and 
then the 20th, 19th, ete., terms were computed in turn. 

The v2, are all known from equations of the type (4b) and (4c) above and 
therefore Ao can be evaluated from equation (10). Equation (4d) will then give the 
value of the remaining Ao, . The value of the modified Mathieu function can then 
be computed by summing the appropriate hyperbolic series. 

In [2], E. L. Ince has given tables for the characteristic numbers, Fourier coeffi- 
cients and values of the Mathieu functions satisfying equation (1). The method used 
by Ince was to apply the above formulas; the same method was used by the author 
to evaluate the modified Mathieu functions satisfying equation (2). The numerical 
work was accomplished by using an IBM 650 Digital Computer and the Wolontis 
Interpretive System of coding. The characteristic numbers and the Fourier coeffi- 
cients are the same for both the ordinary and the modified functions. However, the 
problem of summing the hyperbolic series is much more difficult than that of sum- 
ming the trigonometric series. Whereas the cos 2ru term is bounded by plus or 
minus one, the sinh 2ru and cosh 2ru approach infinity as r tends to infinity. There- 
fore many more terms of the hyperbolic series must be considered before it is pos- 
sible to generate a product A5°"’ cosh 2ru which will be negligibly small. 

As more terms are taken, difficulties in computation are encountered. The vo, 
can be made as small as desired by choosing r sufficiently large. In most cases after 
the characteristic number had been found by using the appropriate transcendental 
continued fraction, the computation of the Fourier coefficients was started by 
letting vs = 0, and then compute the v3 , v3. , -- - Yo , in turn. As these values were 
computed, they were stored and used to form the products 1°, (v2-v9), ete., for 
equation (10). It is to be noted that the smallest number which can be computed 
using the Wolontis Interpretive System is 10”. At first consideration this may not 
appear to be a serious limitation. However, in order to obtain, for example, fifteen 
coefficients up to Ajs”’, from the relations As,42 = v2,A, , the v2. must be available. 
For it to be available the product of (v2-v24- --- - vo)” must be greater than 10”, 
or the unsquared value must be greater than 10°”. Except for vp , v2 and v4 which 
may sometimes be greater than one, all the remaining values are less than one. In 
fact, for convergence, v2, > 0 as r — . If, for example, the “average”’ size of the 
ve, is of the order of 10°’, only twelve v2, can be multiplied together before their 
product becomes less than 10-”. Therefore, for this example, the maximum number 
of coefficients that can be generated will be twelve or thirteen. A machine error stop 
was avoided by counting the products as they were formed and at the same time 
checking their magnitude. The maximum number of coefficients generated was 
twenty; that is, up to and including coefficient As;"’. The number of coefficients 
generated will depend on the values of g and order 2n being considered. 


3. Description of Computer Programs. A computer program was developed 
for the IBM 650 Digital Computer which will compute the characteristic numbers 
and Fourier coefficients and will sum the appropriate series in order to find the 
value of either the ordinary or the modified Mathieu function. A complete descrip- 
tion of this program titled “A Program for the Computation of Mathieu and 
Modified Mathieu Functions” is available from the author and will be published 
separately. 
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In order to ensure five figure accuracy for parameters in the ranges 0 S q¢ S 
20,0 <n S 3and0 S u S 1.0, the program can use a maximum of twenty terms. 
For parameters outside the given ranges, the accuracy is unknown. However, the 


user can estimate the accuracy by noting the magnitude of the last term added to 
the series. 


4. Discussion of Tables. Tables 1-12 are provided herein for values of the four 
types of modified Mathieu function Ces,(u, q), Ceensi(u, q), Seensi(u, q) and 
Seon+2(u, q), for the ranges gq = 1(1)10(2)20, u = 0.1(0.1)1.0 and n = 0, 1, 2. 
The Fourier coefficients computed in order to obtain these values were compared 
with existing tables [1] for over 150 values, and no discrepancy was found in the 
first seven digits of any coefficient generated. Also, the magnitude of the last term 
added in the series was noted to ensure the accuracy of the last position published. 
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TABLE | 
Values of Modified Mathieu Function Ceo(u, q) 

q u=0.1 u = 0.2 u = 0.3 u= 0.4 u = 0.5 

1 . 38010 . 36588 . 34209 . 30863 . 26554 
2 . 19704 . 18047 . 15340 . 11679 .07224 
3 . 10989 .09505 .07142 .04076 .00576 

4 .06564 .05329 .03412 .01034 — .01491 
5 .04130 .03127 .01612 — .00179 — .01932 

6 .02702 -01895 .00709 — .00623 — .01807 

7 .01822 .01174 .00249 — .00734 — .01515 
8 .01259 .00738 .00017 — .00705 — .01206 
9 .00887 .00468 — .00094 — .00624 — .00931 
10 .00636 .00298 — .00142 — .00529 — .00705 
12 .00341 .00118 — .00153 — .00355 — .00388 
14 .00190 .00042 — .00126 — .00229 — .00203 
16 .00110 .00010 — .00095 — .00144 — .00101 
18 .00065 — .00002 — .00069 — .00089 — .00045 
20 .00040 — .00007 — .00049 — .00054 — .00016 
q u = 0.6 u = 0.7 u = 0.8 u = 0.9 u = 1.0 

1 . 21308 . 15200 .08378 .01097 — .06241 

2 .02222 — .02961 — .07835 —.11775 — .14074 


3 — .02984 — .06129 — .08309 — .08980 — .07753 
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No 


— .03764 
— .03275 
— .02529 
— .01841 
— .01290 
— .00876 
— .00576 
— .00219 
— .00055 

-00011 

.00032 

.00034 
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TABLE 1 (Continued) 
— .05332 
— .03843 
— .02528 
— .01551 
— .00880 
— .00443 
— .00172 


.00073 
-00127 
.00112 
.00081 
.00052 


— .05766 
— .03382 
— .01712 
— .00677 
— .00094 
.00199 
.00319 
.00314 
-00211 
-00116 
.00051 
-00014 


TABLE 2 


— .04792 
— .01887 
— .00270 


.00478 
-00728 
.00722 
.00606 
.00319 
.00113 
-00007 


— .00033 
— .00039 


Values of Modified Mathieu Function Ce,(u, q) 


u= 0.1 
. 85596 
.67799 
.50011 
.35310 
. 24612 
.17252 
. 12249 
.08824 
.06445 
.04769 
.02697 
.01582 
.00955 
.00591 
.00373 
u = 0.6 
. 79697 
. 44103 
.17349 
.01512 
— .05858 
— .08277 
— .08263 
— .07238 
— .05914 
— .04621 
— .02564 
— .01264 
— .00526 
— .00142 
.00037 


u = 0.2 


u = 0.3 


u = 0.4 
. 85954 
. 58567 
.36215 
. 20034 
.09889 
.04040 
.00848 


— .00795 
— .01561 
— .01840 
— .01739 
— .01366 
— .00994 
— .00696 
— .00475 


u= 0.9 


.61571 
.07268 


— .18088 
— .22623 
— .10917 
— .05217 
— .01349 


-00899 
.01974 
.02185 
.01463 
.00728 
.00231 


— .00032 


Values of Modified Mathieu Function Ce2(u, q) 


u= 0.1 
1.0988 
1.0549 


. 85372 . 84884 
. 66081 .63071 
.47318 .42746 
.32216 . 27089 
. 21525 . 16523 
. 14384 .09841 
.09685 -05717 
.06581 .03192 
.04509 .01652 
.03109 .00721 
.01493 — .00151 
.00713 — .00408 
.00329 — .00433 
.00138 — .00379 
.00044 — .00306 
u = 0.7 u = 0.8 
. 75652 .69758 
. 33753 . 21334 
.05584 — .06712 
— .08442 — .17102 
— .12880 — .17365 
— .12515 — .13706 
— .10328 — .09387 
— .07784 — .05696 
— .05494 — .02954 
— .03648 — .01097 
— .01254 .00704 
— .00112 .01088 
.00325 .00923 
.00421 .00625 
.00374 .00359 
TABLE 3 
u = 0.2 u = 0.3 
1.1373 1.2008 
1.0724 1.0988 


u = 0.4 
1.2883 
1.1297 


— .02464 
.00267 
.01269 
.01379 
.01122 
.00773 
.00457 
.00054 

— .00092 

— .00106 

— .00074 

— .00038 


u = 0.5 

. 82334 

. 52324 

. 27703 

. 11323 

.02144 
— .02332 
— .04153 
— .04594 
— .04369 
— .03863 
— .02697 
— .01732 
— .01054 
— .00612 
— .00337 


— .23096 
— .13069 
— .04351 
.01053 
.03573 
.04194 
.03785 
-02025 
.00571 
— .00172 
.00401 
— .00369 
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0.96379 
0.85071 
0.72581 
0.59925 
0.48147 
0.37974 
0.29657 
0.23086 
0.14063 
0.08716 
0.05511 
0.03549 
0.02324 


u = 0.6 
1.5243 
1.1753 
0.84378 
0.54718 
0.29722 
0.10531 

—0.02480 
—0.10013 
—0.13427 
—0.14150 
—0.11743 
—0.08057 
—0.04921 
—0.02702 
—0.01284 


TaBLe 3 (Continued) 


0.96299 
0.83405 
0.69617 
0.56021 
0.43689 
0.33303 
0.25032 
0.18674 
0.10314 
0.05686 
0.03123 
0.01694 
0.00892 
u = 0.7 
1.6624 
1.1676 
0.73947 
0.38688 
0.11677 
—0.06602 
—0.16773 
—0.20621 
—0.20357 
—0.17901 
—0.11198 
—0.05594 
—0.02021 
—0.00098 
0.00753 


0.95773 
0.80203 
0.64300 
0.49256 
0.36159 
0.25593 
0.17560 
0.11699 
0.04636 
0.01298 
—0.00175 
—0.00746 
—0.00894 
u = 08 
1.8011 
1.1197 
0.58490 
0.18749 
—0.07877 
—0.22436 
—0.27310 
—0.25818 
—0.21119 
—0.15482 
— 0.05854 
—0.00279 
0.02043 
0.02511 
0.02147 


TABLE 4 


0.94205 
0.74858 
0.56150 
0.39375 
0.25581 
0.15146 
0.07791 
0.02902 
—0.01995 
—0.03411 
—0.03393 
—0.02879 
—0.02268 
u=09 
1.9253 
1.0143 
0.37624 
—0.03624 
—0.25853 
—0.33044 
—0.30268 
—0.22648 
—0.14039 
— 0.06588 
0.02440 
0.05087 
0.04520 
0.02973 
0.01512 


Values of Modified Mathieu Function Ce;(u, q) 


u= 0.1 

1.1052 
1.1586 
1.1812 
1.1654 
1.1197 
1.0538 
0.97392 
0.88402 
0.78762 
0.68880 
0.50147 
0.34898 
0.23815 
0.16205 
0.11083 


u = 0.6 
2.6602 
2.2548 
1.8671 
1.4998 


u = 0.2 
1.2213 
1.2504 
1.2486 
1.2097 
1.1428 
1.0580 
0.96113 
0.85635 
0.74742 
0.63876 
0.44023 
0.28634 
0.18014 
0.11131 
0.06792 
u = 0.7 
3.3395 
2.6466 
2.0337 
1.4989 


u = 0.3 
1.4222 
1.4052 
1.3585 

. 2780 
1.1740 
1.0563 
0.93084 
0.80166 
0.67297 
0.54956 
0.33678 
0.18502 
0.09012 
0.03578 
0.00673 

u = 0.8 
4.1775 
3.0569 
2.1383 
1.3999 


u= 04 
1.7189 
1.6250 
1.5061 
1.3609 
1.2010 
1.0356 
0.87011 
0.70851 
0.55533 
0.41562 
0.19314 
0.05393 

—0.01830 

—0.04848 

—0.05603 

u=0.9 

5.1777 
3.4362 
2.1234 
1.1630 


FU NCTIONS 12: 


0.90754 
0.66614 
0.44693 
0.26316 
0.12340 
0.02752 
-—-0.03165 
—0.06385 
—0.08086 
—0.07028 
—0.05319 
—0.03736 
—0.02491 
u=10 
2.0134 
0.83594 
0.12180 
—0.25175 
—0.37664 
—0.34055 
—0.22806 
—0.10465 
—0.00653 
0.05530 
0.08984 
0.06479 
0.02999 
0.00504 
~-0.00745 


u = 0.5 
2.1258 
1.9097 
1.6816 
1.4428 
1.2055 
0.97750 
0.76270 
0.56459 
0.38747 
0.23594 
0.02033 

—0.08713 
—0.12097 
—0.11669 
—0.09738 

u= 10 
6.3233 
3.7080 
1.9238 
0.76444 
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1.1629 
0.86034 
0.59306 
0.36249 
0.17129 
0.02180 
—0.15498 
—0.20395 
—0.18368 
—0.13945 
—0.09483 
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TABLE 4 (Continued) 


.0441 

66443 
35396 
10894 
.07282 
19459 
28704 
25165 
17205 
09636 


—0.04108 


0.82247 
0.38210 
0.05843 
— 0.16367 
—0.29711 
— 0.35593 
—0.31889 
—0.19309 
—0.07499 
0.00146 
0.03835 


TABLE 5 


0.48677 
0.03295 
—0.24680 
—0.38955 
—0.42722 
—0.39057 
—0.21098 
—0.03416 
0.06593 
0.09533 
0.08428 


Values of Modified Mathieu Function Ce,(u, q) 


u = 0.1 
1.1086 
1.1402 
1.1750 
1.2090 
1.2357 
1.2485 
1.2436 
1.2209 
1.1830 
1.1330 
1.0056 
0.85343 
0.69134 
0.53665 
0.40354 


u = 0.6 


4.8340 
4.1905 
3.6170 
3.1011 
2.6316 
2.2011 
1.8078 
1.4518 
1.1330 
0.84996 
0.38468 
0.04888 
—0.15973 
—0.25421 
—0.26510 


u = 0.2 
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. 3389 
3447 
. 3939 
. 3622 
. 3633 
. 3508 
.3212 
2753 
.2159 
. 1460 
. 98400 
.80451 
. 62346 
. 45884 
.32374 


= 0.7 


). 8683 


.6763 
6510 
. 7660 
. 9989 
. 3346 
. 7636 
. 2788 
.87224 


.53553 


0.04324 


—0 
—0 
—0 
—0 


. 24184 
.35575 
.34593 
. 26980 


u = 0.3 
1.7569 
1.7094 
1.6668 
1.6246 
1.5764 
1.5161 
1.4415 
1.3539 
1.2564 
1.1523 
0.93253 
0.71006 
0.50214 
0.32677 
0.19407 


u = 0.8 


.7122 
. 5866 
. 8388 
4043 
. 2303 
.2773 
.5147 
.91563 
. 45490 
. 10988 
—0.30499 
—(.44407 
—0.40144 
—0.26929 
—0.12543 
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0.35942 
—0.07303 
—0.34146 
—0.53216 
—0.44014 
—0.23144 
—0.02886 

0.10202 


Values of Modified Mathieu Function Ces(u, q) 


u=0.1 
1.1412 
1.1563 
1.1731 


i. 


1 


- 


u = 0.2 
5282 
.5151 
5042 


u = 0.3 
2.2710 
2.1935 
2.1202 


0.06084 
—0.32004 
—0.47537 
—0.47787 
—0.38634 
—0.25026 

0.01050 
0.14269 
0.15185 
0.10267 
0.04596 


= 0.5 
.4036 
.0767 
7777 
4995 
2341 
. 9764 
.7257 
.4843 
. 2549 
.0391 
.65183 
33119 
08994 
.06528 
14399 
= 1.0 
.8542 
.6332 
.1249 
.9166 
.6894 
.1991 
. 25483 
—0.29441 
—0.56620 
—0.64899 
—0.49268 
—0.17824 
0.09096 
0.22516 
0.23050 


COCO OHP RR RE NNWN WS 


| 
= 


— 
oo 


Om te OO bo 


u = 0.5 
.6077 
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4.6683 
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TABLES OF VALUES OF THE MODIFIED MATHIEIl 


TaBLe 6 (Continued) 


1.1921 1.4957 
1.2132 1.4897 
1.2359 1.4855 
1.2590 1.4818 
1.2802 1.4763 
1.2970 1.4665 
1.3064 1.4497 
1.2955 1.3884 
1.2437 1.2906 
1.1582 1.1651 
1.0480 1.0205 
0.92029 0.86472 
u = 0.6 u = 0.7 
8.9280 14.1878 
7.8948 12.0901 
6.9605 10.2507 
6.1173 8.6426 
5.3573 7.2398 
4.6719 6.0181 
4.0527 4.9552 
3.4918 4.0311 
2.9824 3.2293 
2.5195 2.5361 
1.7215 1.4339 
1.0801 0.65007 
0.57767 0.11871 
0.19727 —0.21384 
—0.07276 —0.38751 


2.0516 
1.9873 
1.9267 
1.8680 


11.8561 
9.3977 
7.3491 
5.6499 
4.2479 
3.0994 
2.1678 
0.83522 
0.04279 

—0.37198 
—0.52797 
—0.51169 


TABLE 7 


9353 
7581 
5910 
4318 
.2778 
. 1263 
.9752 
.6710 
. 3692 
.0788 
. 80629 
. 55842 


u= 0.9 


ee ee we we ee 


5.1766 
7.1920 
. 7544 
5.6014 
. 5090 
. 2873 
7767 
8446 
. 3820 
. 2989 
—0.01644 
—0.56769 
—0.67437 
—0.54412 


—0.31371 


— DS wo OT QO = UI © 


Values of Modified Mathieu Function Se,(u, q) 


u=0.1 

.06840 
.04709 
.03295 
.02347 
.01700 
.01251 
.00934 
.00705 
.00538 
.00415 
.00253 
.00159 
.00102 
.00067 
.00044 


u = 0.6 

. 35130 
. 18892 
.09899 
.04974 
.02305 


u = 0.2 

. 13532 
.09159 
.06296 
.04404 
.03131 
.02260 
.01654 
.01224 
.00916 
-00691 
.00404 
.00242 
.00149 
.00093 
.00059 
uw = 0.7 

. 37984 
. 17923 
.07736 
.02742 
.00415 


u = 0.3 
.19914 
. 13086 
.08715 
.05895 
.04047 
.02815 
.01981 
.01408 
.01009 
.00728 
.00385 
.00207 
.00111 
.00060 
.00032 
u = 08 
. 39160 
. 15176 
.04382 
— .00056 


— .01572 


u=04 
. 25799 
. 16208 
. 10274 
.06582 
.04256 
.02771 
.O1811 
.01184 
.00772 
.00499 
.00197 
.00065 
.00009 
— .00012 
— .00018 


a= 0.9 

. 38277 

. 10677 

.00256 
— .02823 
— .03061 


FUNCTIONS 


4.2504 
.8641 
5062 
-1731 
. 8609 
. 5659 
2856 
7661 
3036 
. 90042 
.99675 
. 27427 
u=10 
54.6063 
39.5195 
28 .0285 
19.3790 
12.9574 
2676 


COCK KR NNNWWS 


—0.17196 
0.12777 


. 30961 
. 18239 
.10727 
.06293 
.03661 
.02090 
-01152 
.00593 
.00264 
.00075 
— .00083 
— .0O111 
— .00098 
— .00075 
— .00053 
u= 10 
. 34981 
.04736 
— .03898 
— .04767 
— .03443 
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.00883 

.00153 
— .00197 
— .00341 
— .00377 
— .00317 
— .00219 
— .00136 
— .00079 
— .00042 


E. T. 


TABLE 7 (Continued) 


KIRKPATRICK 


— .02392 
— .01590 
— .00920 
— .00440 
— .00130 
.00138 
.00169 
.00123 
.00069 
.00030 


Values of Modified Mathieu Function Se2(u, q) 


u=0.1 
0.16828 
0.13834 
0.11228 
0.09035 
0.07234 
0.05782 
0.04622 
0.03702 
0.02973 
0.02396 
0.01573 
0.01048 
0.00709 
0.00486 
0.00337 

u = 0.6 

1.0969 
0.76997 
0.52245 
0.34263 
0.21658 
0.13090 
0.07428 
0.03790 
0.01528 
0.00180 
—0.00948 
—0.01095 
—0.00912 
—0.00664 
—0.00446 


u“ 


0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 


u“ 


] 
0. 
0 
0. 
0. 
0. 
0 
6; 
—f. 
—0. 
—. 
—Q. 
—@. 
—0. 


.00566 — .01822 
. 00889 — .01587 
.00906 — .01215 
.00795 — .00856 
.00644 — .00559 
.00366 — .00177 
.00178 — .00004 
.00070 .00054 
-00015 .00061 
.00008 .00049 
TABLE 8 
= 0.2 u = 0.3 
33969 0.51700 
27606 0.41188 
22132 0.32313 
17576 0.25071 
13880 0.19312 
10933 0.14814 
08610 0.11348 
06788 0.08682 
05364 0.06650 
04251 0.05100 
02696 0.03013 
01733 0.01791 
01128 0.01068 
00743 0.00638 
00495 0.00380 
= 0.7 u = 0.8 
. 3008 1.4992 
84717 0.88237 
.52335 0.47414 
30332 0.22081 
16068 0.07444 
07253 —0.00276 
.02093 —0.03795 
00711 —0.04926 
02059 —0.04809 
02546 —0.04128 
02312 —0.02421 
01606 —0.01094 
00960 —0.00310 
00501 0.00069 
00214 0.00207 


—0. 


TABLE 9 


u= 0.4 
0.70220 
0.54311 
0.41239 
0.30867 
0.22858 
0.16794 
0.12265 
0.08914 
0.06449 
0.04642 
0.02361 
0.01154 
0.00523 
0.00201 
0.00043 

- u = 0.9 

1.6785 
0.85901 
0.36785 
0.09992 

— 0.02837 
—0.07653 
—0.08311 
—0.07112 
—0.05321 
— 0.03567 
—0.01017 
0.00207 
0.00583 
0.00557 
0.00396 


Values of Modified Mathieu Function Se;(u, q) 


u= 0.1 
0.28177 
0.25585 
0.22907 
0.20280 


0. 
0. 
0. 
0. 


= 0.2 
58335 
52460 
46514 
40767 


u = 0.3 
0.92520 
0.81849 
0.71366 
0.61469 


u = 0.4 
1.3289 
1.1481 
0.97678 
0.81981 


— .01929 
— .00797 
— .00104 
.00249 
.00381 
.00329 
.00172 
.00053 
— .00007 
— .00028 


0.89595 
0.66499 
0.48190 
0.34203 
0.23834 
0.16323 
0.10981 
0.07235 
0.04641 
0.02867 
0.00874 
0.00030 
—0.00276 
—0.00345 
—0.00317 


“ 


u 


= 0.5 


= 1.0 


1.8187 


0.76084 
0.20632 
—0.04168 
—0.12215 
—0.12279 
—0.09329 
—0.05861 
—0.02935 
—0.00851 
0.01098 
0.01293 
0.00876 
0.00415 
0.00098 
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TABLES OF VALUES OF THE MODIFIED MATHIEU FUNCTIONS l 
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TABLE 9 (Continued) 


5 0.17782 0.35376 0.52376 0.67953 0.80655 
6 0.15465 0.30434 0.44202 0.55677 0.63263 
7 0.13358 0.25990 0.36990 0.45135 0.48858 
8 0.11473 0.22060 0.30732 0.36236 0.37149 
9 0.09810 0.18633 0.25380 0.28836 0.27798 
10 0.08362 0.15680 0.20856 0.22765 0.20449 
12 0.06038 0.11023 0.13930 0.13881 0.10419 
14 0.04348 0.07713 0.09212 0.08232 0.04723 
16 0.03134 0.05394 0.06054 0.04734 0.01669 
18 0.02267 0.03780 0.03961 0.02616 0.00146 
20 0.01648 0.02658 6.02582 0.01359 —0.00527 
q u = 0.6 u = 0.7 u = 08 u= 0.9 u= 10 
1 2.4142 3.1416 4.0172 5.0475 6.2179 
2 1.9378 2.3902 2.8537 3.2814 3.5986 
3 1.5235 1.7698 1.9495 2.0066 1.8751 
4 1.1728 1.2712 1.2683 1.1222 0.80428 
5 0.88305 0.88107 0.77178 0.53732 0.18998 
6 0.64900 0.58420 0.42370 0.17408 —0.12034 
7 0.46430 0.36502 0.19076 —0.03205 —0.24102 
8 0.32187 0.20848 0.04385 —0.13250 —0.25372 
9 0.21456 0.10082 —0.04135 —0.16629 —0.21335 
10 0.13560 0.03006 —0.08430 —0.16155 —0.15413 
12 0.03941 —0.03848 —0.09867 —0.10630 —0.04642 
14 —0.00455 —0.05363 —0.07407 —0.04790 0.01347 
16 —0.02077 —0.04703 —0.04423 —0.00946 0.03233 
18 —0.02360 —0.03432 —0.02094 0.00930 0.02931 
20 —0.02082 —0.02216 —0.00612 0.01502 0.01890 
TaBLe 10 
Values of Modified Mathieu Function Ses(u, q) 
q u=0.1 u = 0.2 u = 0.3 u= 04 u = 0.5 
] 0.39463 0.84503 1.4138 2.1776 3.2347 
2 0.37627 0.79817 1.3148 1.9819 2.8633 
3 0.35586 0.74793 1.2133 1.7897 2.5130 
4 0.33385 0.69530 1.1107 1.6029 2.1858 
5 0.31081 0.64145 1.0090 1.4239 1.8836 
6 0.28730 0.58752 0.90979 1.2547 1.6076 
7 0.26380 0.53448 0.81449 1.0967 1.3585 
8 0.24073 0.48314 0.72419 0.95107 1.1363 
9 0.21842 0.43413 0.63969 0.81833 0.94041 
10 0.19712 0.38791 0.56153 0.69870 0.76968 
12 0.15832 0.30511 0.42530 0.49800 0.49758 
14 0.12520 0.23597 0.31565 0.34487 0.30507 
16 0.09787 0.18015 0.23039 0.23236 0.17521 
18 0.07590 0.13626 0.16591 0.15236 0.09165 
20 0.05858 0.10243 0.11819 0.09707 0.04051 
q u = 0.6 u = 0.7 u = 08 u=09 u= 1.0 
] 4.7138 6.7818 9.6490 13.5682 18.8187 
2 4.0298 5.5534 7.4914 9.8579 12.5758 
3 53.4110 4.4900 5.7143 6.9759 8.0609 
4 2.8560 3.5782 4.2677 4.7731 4.8735 
5) 2.3634 2.8050 3.1063 3.1223 2.6921 
6 1.9310 2.1575 2.1891 1.9148 1.2588 
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1.5561 
1.2350 
0.96346 
0.73712 
0.40088 
0.18811 
0.06334 
—0.00295 
—0.03308 


Values 


u=0.1 
0.50806 
0.49404 
0.47893 
0.46266 
0.44522 
0.42665 
0.40710 
0.38675 
0.36580 
0.34451 
0.30177 
0.26020 
0.22112 
0.18547 
0.15383 
u = 0.6 
8.8670 
7.8187 
6.8646 
5.9972 
5.2102 
4.4984 
3.8571 
3.2821 
2.7695 
2.3154 
1.5673 
1.0064 
0.60145 
0.32205 
0.12950 


E. T. 


TABLE 10 (Continued) 


1.6228 
1.1880 
0.84048 
0.56804 
0.20320 
0.01168 
—0.07176 
—0.09442 
— 0.08730 


KIRKPATRICK 


1.4782 
0.93945 
0.54207 
0.25870 
—0.05883 
—0.16636 
—0.16852 
—0.12925 
—0.08258 


TABLE 1] 


1 


0. 


0 


—0. 
—0. 
—@. 
—0. 


—Q 


—@. 


.0577 0.36942 
47267 —0.13593 
.09435 —0.38047 
13131 —0.45716 
29067 —0.35966 
25361 —0.17308 
15892 —0.02863 
.07123 0.04656 
01164 0.06763 


of Modified Mathieu Function Ses(u, q) 


u = 0.2 
.1350 
.0935 
0503 
0055 
95900 
91094 
86162 
81145 
. 76086 
71035 
61133 
51760 
43160 
35491 
28828 


u = 0.7 


1488 
.0384 
. 1820 
.9932 
.1291 
. 8894 
.8161 
8927 
1041 
4362 
.4110 
. 72162 
28547 
.03208 
.09651 


ecooooosooooorF es 


—— 
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u = 0.3 
2.0261 
1.9233 
1.8205 
1.7175 
1.6143 
1.5113 
1.4089 
1.3076 
1.2082 
1.1113 
0.92761 
0.76060 
0.61301 
0.48605 
0.37963 

u = 0.8 

22.4024 
18.2527 
14.7432 
11.7889 
9.3159 
7.2595 
5.5633 
4.1773 
3.0573 
2.1638 
0.92094 
0.21470 
—0.13573 
—0.26611 
—0.27382 


TABLE 12 


Values of Modified Mathieu Function Ses(u, q) 


u=0.1 
0.62524 
0.61333 
0.60091 
0.58792 
0.57431 


u = 0.2 

1.4688 
1.4278 
1.3863 
1.3442 
1.3015 


u = 0.3 
2.8234 
2.7067 
2.5917 
2.4785 
2.3667 


u=0.4 u = 0.5 
3.3842 9.9114 
3.1498 5.0058 
2.9229 4.5311 
2.7032 4.0855 
2.4904 3.6675 
2.2847 3.2764 
2.0865 2.9116 
1.8965 2.5728 
1.7154 2.2599 
1.5437 1.9724 
1.2307 .4718 
0.96037 1.0654 
0.73302 0.74519 
0.54707 0.50073 
0.39910 0.32040 
u= 0.9 u=1.0 
~ 35.1601 54.5952 
27 . 1664 39.5007 
20.7166 28 .0002 
15.5516 19.3442 
11.4525 12.9247 
8.2343 8.2493 
5.7400 4.9202 
3.8368 2.6181 
2.4121 1.0872 
1.3709 0.12471 
0.13225 —0.69719 
—0.37207 —0.73439 
—0.47604 —0.48918 
—0.39470 —0.21558 
—0.25559 —0.01570 
u = 0.4 u = 0.5 
5.1539 9.2485 
4.8536 8.5252 
4.5649 7.8454 
4.2872 7.2067 
4.0198 6.6067 
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TABLE 12 (Continued) 


6 0.56004 1.2581 2.2562 3.7624 6.0431 
7 0.54506 1.2138 2.1469 3.5143 5.5139 
8 0.52935 1.1687 2.0387 3.2753 5.0174 
9 0.51290 1.1227 1.9317 3.0452 4.5517 
10 0.49573 1.0760 1.8258 2.8237 4.1161 
12 0.45945 0.98057 1.6184 2.4068 3.3294 
14 0.42114 0.88388 1.4184 2.0256 2.6494 
16 0.38169 0.78772 1.2283 1.6812 2.0693 
18 0.34208 0.69405 1.0507 1.3748 1.5822 
20 0.30326 0.60465 0.88754 1.1066 1.1806 
q u = 0.6 u= 07 u=08 u = 0.9 u= 1.0 
1 16.4676 29.1545 51.3078 89.6491 155.255 
2 14.7990 25.4199 43.1373 72.1129 118.287 
3 13.2690 22.0897 36.0874 57 .5680 89 .0684 
4 11.8672 19.1253 30.0221 45.5612 66.1482 
5 10.5841 16.4914 24.8206 35.7016 48 . 3227 
6 9.4108 14.1560 20.3757 27 .6527 34.5956 
7 8.3393 12.0899 16.5923 21.1260 24.1462 
8 7.3621 10.2671 13.3865 15.8741 16.3000 
9 6.4725 8.6636 10.6839 11.6855 10.5056 
10 5.6645 7.2582 8.4189 8.3797 6.3134 
12 4.2713 4.9650 4.9760 3.8237 1.3490 
14 3.1428 3.2514 2.6685 1.2321 —0.73178 
16 2.2438 2.0028 1.1913 —0.09221 — 1.28226 
18 1.5421 1.1221 0.30627 —0.63917 — 1.12283 


20 1.0078 0.52675 —0.17078 —0.7453i —0.72343 








Numerical Quadrature over a Rectangular Domain 
in Two or More Dimensions 


Part 2. Quadrature in several dimensions, using special points 


By J. C. P. Miller 


1. Introduction. In Part 1 [1], several approximate formulas were developed 
for quadrature over a rectangular domain (reduced to a square by scale changes) 
in the form 


rh rh 
(1.1) I = [ | oy da dy = >~ A, f(sh, th) 
Jich J—rh 

using some or all of a lattice of 9 or 16 points equally spaced over the square. 

In this note, the restriction to equal spacing is relaxed, to allow points to be 
chosen to give greater accuracy in the approximation to the integral. The restric- 
tion to two dimensions or variables is also removed in some cases. 

It is still assumed that the integrand f(x , x2, --- , 2.) may be expanded in a 
power series as far as we please in all variables—in other words, that for the precision 
desired, the integrand may be replaced by a polynomial of suitable degree. Con- 
siderations of symmetry once again ensure that we need concern ourselves only 
with terms of even degree in each variable separately. By scale changes we also 
make the range of integration —h to +h in each variable. 


2. Expansion in Taylor Series. We need then, to find values x, , A; such that 


h ah 
[ = dx Pe? f(a OT ties Ln) dx, 
—h J—h 


(2.1) 
= (2h)” > A:f(a.t — ) wh ce La 4} 


where the points {x,,.} are chosen in symmetrical groups which are such that 
> f(t, X2,t,°°° 5 tn,t) is free of all odd powers, just as the integral J is free of 
such powers by symmetry. 

We expand f(x, %, +--+ ,2,) as a Taylor series and evaluate the integral. We 
use the notation of Bickley [2], somewhat extended, namely, 


ao 2 ox) ‘ 
Ss. = a a Soo = * ‘ = D 
, y 0x? ® Pa 2 0x702,2 ® 
(2.2) : 
ao P ao 5 
Sooo = oD sceaistiaitein = 3 Seeeos = et = © 
— Py 0x702,702," % ari a 02702702702," ge 


where the asterisk indicates that the suffixes t, u, v, w are unequal in pairs through- 
out. 
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This gives, with fy for f(0, 0,0, --- , 0) 


2 4 
J =1/Qh" = f+ Evh+E(v+3 »') f 
6 > 
(2.3) + is (v + 4A°p* + > a) fo 
P 8 6 8 25 26 ty 7 
+h(v + sviot + Pot + vist + I et) fe + ss 


where we have used such formulas as 


‘ a ‘ f . 
&= > $= (7-206 &= pa 0¢ _ (y — 3y"o + 35°)@ 
tT Ox 7 ox 
(2.4) . 
S, => >» a ¢ = (v’p' om 35°). 
"ta Oxdz? 
tu 


See David & Kendall [3] for extended tables of coefficients. 


3. Summation over Sets of Points. We now choose appropriate sets of sym- 
metrically placed points. We tabulate and label a few sets below. 





Label Coordinates Number of Points 
0 (0, 0, --- , 0) I 
a(a) (tah, 0, --- ,0) with 2n 
all permutations 
B(b) (+bh, +bh, 0, --- ,0) 
(3.1) 4 with all permutations 2n(n — 1) 
y(c, d) (+ch, +dh, 0,--- ,0) 
with all permutations 4n(n — 1) 
e(e) (teh, teh, teh, 0, --- ,0) 
| with all permutations 4n(n — 1)(n — 2)/3 


In the formula (2.1) we have one arbitrary constant for the point 0, two con- 
stants for each set of type a, 8, or «, three constants for each set of type y, and 
so on. We naturally wish to minimize the total number of points, but we note also 
that sets of type 0 and a@ alone are useless when dealing with terms involving 2, 


~6 


3°, Q’, ete., while sets of 0, a, 8, y, only are useless for 3° or ’, and so on. 


If we expand f(x, %2, °-* , %,) at each point and sum over the set, we obtain 
the following expressions for the sums: 
(3.21) 0 fo 


2 


2h’ 2 2 2n* , 
(3.22) a(a) 2nf, + BT av fo + ru a Ss ~ 


->p° 
6! 


in 2h . 
a Sot Fa Ss+ °°: 


2 


2h 9 9 2 P 
= 2nf,+ = aV fot ca a‘ (v' — 29) f, 
on° ‘ ° 
~ = a’ (V° — 30° D + 35°)fo 





2n(n — 1)fo+ 


J. C. P. MILLER 


9 Ss 9 
+ z a’ (V* — 4V° D* + 20° + 4V° 5° — 40°) fot --- 


4(n — 1)? 2 2 
— FI —bV fo 





4 
+ we b* {(n — 1)¥" — 2(n — 4) D'}fo 


+ o b° {(n —1)V° — 3(n — 6)V? D + 3(n — 16)3°}fo 


+ ad b {(nm — 1)V° — 4(n — 8)¥‘ Dt + 2(n + 6) D 


+ 4(n — 43)V's" — 4(n — 64) 0°} fo 
a cee 


n(n — 1) + est (et + &)V" fy 


4 
+ ne [(n — 1) (c+ d*)V* —2{ (n—1)(c + d*) — 6 PD, 


+ > [(n —1)(o + a)¥° 


— 3{(n-—1)(° +d) —5e d (° +. d°)}9° D' 


+ 3{(n —1)(e° + d°) — 15° d’ (2 +. d°) 35 fo 
+ = [(n — 1)( + dv" 


—4{(n-—1)(0 +d) —7e'd (c+ d‘)}¥' D 


+ 2{(n —1)(e + d*) — 28 d’ (c + d*) + 70c d*}D° 


+ 4{(n — 1)(¢ +d’) 


4 P — 2) 2 2-2 
3 n(n — 1)(n — 2)fo + — h eV fo 
+ ——— he! {(n — 1)¥* — 2(n — 7) D'}fo 


6 
+e {(n — 1)(n — 2)¥° — 3(n — 2)(n — 11)V° 9 


+ 3(n® — 33n + 122)3°} fo 





7c d'(c' + d*) — 70c' d*}v"° 3 
— 4{(n — 1) (2° + d*) — 28e' d’ (ce + d*) — 70c* d*} 0) fo 





We 
refe} 


4 
as fe 
a\a 
eoul 
is aj 
an e€ 
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(4.1 
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fo, 
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+ = e{(n — 1)(n — 2)¥° — 4(n — 2)(n — 15)0* D* 


+ 2(n — 2)(n + 13)D° + 4(n® — 87n + 380)V° 3 
— 4(n*? — 129n + 1094) 0°} fo + 


We use parts of (3.22), (3.23) and (3.25) in the present note; the rest is given for 
reference. 


4. Formulas Accurate to Terms in h*. We now seek a formula togiveJ accurately 
as far as terms in h*, that is, including the first four distinct terms in (2.3). We need 
a(a) and 8(b) and shall retain the point 0; this gives five disposable constants, 
counting the three multipliers, which we shall now denote by Ap, Aa, Ag. This 
is apparently more than we need, but in fact, the fifth constant turns out to provide 
an essential extra degree of freedom. 

We attempt, then, to satisfy as well as possible 


(4.1) J = Aofot+ ¥ Acf(xa) + & Asf( 2s) 


using X_ and x, for typical sets of coordinates. If we now equate coefficients of 
. 2 4 ~ 4 . 
fo, Vio, Vfo and D fo , we obtain: 


(Ao + 2nAq + 2n(n — 1)Az = 1 
(42) 2a°A. + 4(n — 1)b'Ag =} 
2a A, + 4(n — 1)b Ag = 3 

— 4a'A, — 8(n — 4)b'A, = fs - 


We write Ay = and retain this, and solve for a, b, A. , Az. It may be noted 
that the second and third equations are no longer inconsistent, as they were for 
equally spaced points in Part 1 [1]. 

We use the last two equations to give A. and Ag in terms of a’ and 6’; then 
substitute in the first two equations and eliminate a’ to give 


od 1 in+4 18(5n — 7) + 9(14 — 5n)Xr 

4 ;. eee a = ( 
(43) bo -=+ a(n — 1) , 
whence 
(44) 1 - 30 6 (5n — 14){( dn + 4)A — 4} 

‘ b 5n+4° # 4S5Sn+4 2n(n — 1) 


The values of 1/0’ are real for \ = 0 only if n S 2.8, that is, ifm = 1 or 2. When 
n = 3, we must have \ > 4/(5n + 4) for real values of b’, indicating that the fifth 
disposable constant is essential. 

We next consider several special casés; error terms will be considered indi- 
vidually. 


5. Quadrature over a Square. Case n = 2. We take A = 0 in (4.3); then 


. _ ss 
(5.1) pe tA =0 
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whence 

1 i 1 

5.21 =3 =-=0 A= Ac = 
(5.21) i - A, =0 =; 
or 
1 9 1 15 10 9 
22 = = — A a = —— d { = ° 

(5.22) Ye FF @ 7 49 6 196 


The first of these (5.21) is a degenerate case; it is in fact the product-Gauss 
two-point formula, with error term of order h‘ instead of the expected order A’. 
The second case (5.22) gives a useful approximate formula 


= I/(4h)* = oti (4/5 —— PS ik a 


(5.3) 


with the main error term 
n° 212 6 , 1612 
5.4 — — Vv - > 0. 
(5.4) mA 4175 © * 4795 vo") j 


We may also seek a formula with a = 6; this turns out to be the “product- 
Gauss” formula, see §6. Another idea that comes to mind is to choose \ so that 


a and b are both rational; this does not seem to be possible, although one or other 


of a, b may take any value we please. Thus 


3.5 i Pe? Wi 64 121 
(5.5) a= 1 gives b = a with Ao -_ pa Ae av a As on a0 
9 

(5.6) and main error term _h (= + 268V°D 

6! 1155 
F . 2 2 , 2 \ 
(57) b=1 gives @ == wih 44=-5 4A.= “ 4e= = 

h° (2V° + 344v°9" 

(5.8) and main error term + — { ————— *. 

6! 525 


Note the possibly useful opposition of signs in the two error terms. 


6. Quadrature over Cube and Hypercube. We now consider general n. 


“quation (4.4) gives the following restrictions for Ay = \ if a, b are to be real. 
n 1 2 3 4 5 
4 2 4 l a 
6. / i. ss ae. he Do 
a » 85 47 8% *¢ *% 
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(6.33 
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Since we have one disposable constant, and \ = 0 is excluded for n = 3, it 
is not as easy as in §5 to pick out an obviously convenient formula—there remains 
scope for investigation. 


One choice is of interest. This is to put a = b. We then find 


25n” — 115n + 162 


fata® - me 
5 162 


5(14 — 5n) 
pi Se 
162 
The points given by a = +1/3/5, b = +/3/5 are the “Product-Gauss” 
points with at most two non-zero coordinates. In detail we have 


OO! ne 
| 
| 


vie = a, | a 25 : . 
(6.31) n=1 Ay = 9 A, = 18 (45 = x) 3 points 
16 10 25 ; 
(6.32) n=2 1, = — Az== As = = 9 ts 
' 81 ° = 304 ini 
(6.33 ) n 3 { uJ { : { — 19 point 
oe = 3 Ap = = A.=-=s = - 9 points 
Dy 162 7" 
sae ™ _ — 25 aaa 
(6.34) r= 4 Apo = 7 Aa = ~F7 Ag = 394 oo points 
We observe that for n = 1, 2 these are respectively the Gauss and Product- 


Gauss formulas. For n = 3, although the error term is still of order h® in I/(2h)", 
the number of points is fewer than 3”, (it is, in fact, 2n° + 1) and the Gauss co- 
efficients are lost. 

The leading error term in [/(2h)" is 


4h" ,; : 93 <6 
(6.4) * ( —v* + av'nt — © 3°) 7, 
25.7 ! 6 
which does not depend on n. Of course, 3°f) = 0 if nm = 1 or 2. 
For comparison we quote the 3-dimensional Product-Gauss formula, which 
uses the sets of points 0, a( V3 5), B(/3 5) and (/3 5). 
64 40 25 125 


(6.5) n=3 Ay = i= 


Lie - oT nai 
= d ~— Ag = Ay = Zan 2 points 
729 _ 729 729 5832 


with leading error term 


4h” 


(6.6) aT (—v* + 3v’p! — 35°) fo 


Il 
| 
"2 

n 


The form of error term for (6.33) and (6.5) suggests further the complete 
elimination of 3°fy to yield 


. 430 289 341 893 
6.7 m= ¢ a9 = an fia = A wtp Non, A = D4 
(7) 8 ;. 4 5103 . 5103 6 10206 7 40824 


27 points 
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with leading error term 
4h’ 


(6.8) ane; (—v* + 3V’9") fo 
a0.é! 


which vanishes for a harmonic function, and, in fact, also for the example of the 
next section with f(z, y, z) = cos x cos y cos 2, since this is a solution of the partial 
differential equation 
4 ‘ 4 
Vo — 3D¢ = 0. 
In this 3-dimensional case, the further relevant error terms are 


4h” 


(6.9) 11258! 


(—11V° — 16V‘D* + 98D° + 70V°5") fy . 


7. Numerical Examples. 
(i) As in Part 1 [1, §9] we use 


1 1 
J = : [= i / cos x cos y dxdy = 0.70807 342 
4 4 Ji Jui 


for a non-harmonic illustrative example for two-dimensional formulas, and list 
the integral (J), its error (#), and the estimated correction (C), which is minus 
the error estimate. 

Formula (5.3) with h = 1 gives 


J = 0.707362 with H = —0.000711 and C = +0.000782, 
and with h = 3 
J = 0.70806 42 with FF = —0.00000 92 and , C = +0.00000 94. 
The Gauss-product formula (6.32) with h = 1 gives 
J = 0.708125 with KF = +0.000052 and C = —0.000064, 
and with h = 3 
J = 0.70807 415 with EF = +0.00000073 and C = —0.00000 076. 


(ii) For an example with a harmonic integrand, as in Part 1 [1], we use 
1 1 1.2 1.2 
J’ =—f = - / [ sin x sinh y dxdy = 0.12922 70591. 
4 4Jy Jo 


Formula (5.3) with h = 1.2 gives 
J’ = 0.12922 71000 with FL = +0.00000 00409 and C = —0.00000 00409, 
while formula (6.32), the Gauss-product formula, also with h = 1.2, gives 
J’ = 0.12922 70778 with HL = +0.00000 00187 and C = —0.00000 00188. 
In each of these two cases our original error estimate vanishes since the integrand 
is harmonic, and the error is of order h*; in fact, they are respectively 


ee 392 
69128 hD*fo/8! and wi h’D*fo/8!. 
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(iii) For a three-dimensional example, we consider 


1 1 1 el el : 
J= 8 I = 8 [ a ‘ cos x cos y cos z dadydz = sin’ 1 = 0.59582 3237. 


we 
With h = 1, formula (6.33) gives 
J = 0.59987 with E = +0.00405 and C = —0.00473 
while formula (6.5), the Gauss-product formula, gives 
J = 0.595889 with E = +0.000066 and C = —0.000095 
and the special formula (6.7) gives 
J = 0.595806 with E = —0.000017 and C = +0.000020 


The last is exceptional in having an error of order h’, since, as remarked in §6, 
sin x sin y sin z satisfies Vid — 3D = 0. It exhibits accidentally what may be ex- 
pected with a harmonic integrand. 

With h = 3 these three formulas give 


(6.33) J = 0.595871 with E 


+0.000048 and C = —0.000050 
(6.5) J = 059582415 with E = +0.00000091 and C = —0.00000 100 


(6.7) J = 0.59582 319 with E = —0.00000004 and C +0.00000 0054 


(iv) For n = 4, we consider 

1 1 el 1 el ol 
J=—I=— / | cos x cos y cos z cos w dxdydzdw 

16 16 Jia Jia Ju Jun 


= sin‘ 1 = 0.50136 80. 
With h = 1, we have 


(6.34) J =0.514 with EF = +0.013 and C = —0.019 33 points 
(Gauss )* J = 0.501441 with E = +0.000073 81 points 
and with h = 4, we have 


(6.34) J = 0.50153 with E = +0.00016 and C = —0.00017 
(Gauss )* J = 0.50136 90 with E = +0.00000 10. 


These numerical examples illustrate that the extra points used in the Gauss- 
product formulas may, sometimes at any rate, have a useful effect in reducing 
error, even though the order of the error, as represented by the power of A in its 
leading term, remains the same. Comparison of (6.4) and (6.6) shows a much 
reduced coefficient of 3°f) in. the latter, and (6.7) is a definite improvement on 
the Gauss-product in the present case. More investigation is clearly needed of other 
formulas and of other integrands, particularly those which do not so easily separate 
into a product of integrals. 

Once again I am pleased to acknowledge help and advice received from Dr. J. 
W. Wrench, Jr. with the numerical examples and also to express my appreciation of 
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On the Propagation of Round-Off Errors in the 
Numerical Integration of the Heat Equation 


By Arnold N. Lowan 


1. Preliminary Considerations. For the sake of convenience we begin with a 
summary of facts pertaining to M-dimensional vectors. These facts will be needed 
in the subsequent developments: 

A set of M real quantities m4 , uw, --- , Us are said to represent an M-dimen- 
sional vector, to be denoted by u. The w,’s will be referred to as the components of 
the vector u. 

For two M-dimensional vectors u and v, the scalar product (u, v) will be de- 
fined by 


M 
(1) (u,v) = ui (m0) + Ute + --- Umm) = iz 2. Up Vp - 
If (u, v) = 0 the vectors u and v are said to be orthogonal. In particular 
1 M ; 
») = — 3 
(2) (u, u) Met: 


The norm of the vector u to be denoted by || u || is defined by 


+ 
c 

i 
M 
s 


it can be readily shown that 


(5) luli s > |, 
This is the Minkowski inequality. 
Let now v = Au where A is a symmetric square matrix of order M. We shall 


prove that if the eigenvalues of the matrix A are known to be numerically smaller 
than unity, then 


visciu 
Indeed let 
M 
(6) u= > a,w, 
r=] 


where the w,’s are the eigenvectors corresponding to the eigenvalues A, . From 
(7) Aw, = \,W,; 
it is readily seen that 
a> [mM ‘ 
(8) u =V(uu) = > a,’ 
r=1 
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provided that the w,’s are normalized so that 
(9) (w,, wr) = 1 
Clearly then 


M M 
v = Au = ) a, Aw, = > a), W, 
r=1 r=1 


whence 


and therefore 
(10) || Au || s || ul] 


since the \,’s were assumed to be numerically smaller than unity. 
The inequality (10) may be generalized in two important ways. Clearly 


|| A’u ll < || Au |! 
and therefore 


Hy A’u | \| u 1] 


IA 


and more generally 

(11) || A”u || s || ull 

provided the eigenvalues of A are numerically smaller than unity. Consider now 
Vn = AnAn+ +++ AoA 


where the A,’s are symmetric matrices whose eigenvalues are numerically smaller 
than unity. We have in succession 


Vi || = || Ayu | 


IIA 
i=} 


Veo | = || Ao; || < | Vi || 


IIA 
c 


so that ultimately 
(12) AnyAni++: AA || S | u 


It should be pointed out that the inequalities (11) and (12) are equally valid 
for nondefective matrices* whose eigenvalues are numerically smaller than unity. 
Consider now the explicit difference analog 


(13) Treat = (CL — 2r)Taa + (Trak + Troi) 
of the differential equation 
aT aT 
13* —=K 
nell a tes 





* A square matrix of order M is nondefective when it has M distinct eigenvectors. 
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where Tx = T(hAz, kAt) and r = (KAt)/(pce(Ax)’ where K, p and c are assumed 
constant. For the sake of concreteness assume that we are dealing with the problem 
of heat conduction in a slab whose bounding planes x = 0 and x = a are kept at 
0°C. Equation (13) may then be written in the compact form 


(14) Tras = AT; 


where T, and T,,; are the M-dimensional vectors whose components are the tem- 
peratures at times kAt and (k + 1)At at the mesh-points hAz, h = 1, 2, 3,---,M 
where (M + 1)Az = aand A is the tridiagonal M < M matrix whose elements on 
the principal diagonal are = 1 — 2r and whose elements off the principal diagonal 
are = +r. 


Starting with the initial temperature vector Ty equation (14) yields in suc- 
cession 


I Ti = AT» 
~ II T = AT, 
(15) ’ : 
T, = AT, 


If the computations involved in the successive steps of (15) could be carried 
out to an infinite number of decimal places the vectors T, thus generated would be 
the true solutions of the difference equation (14). In actual practice the computa- 
tions are carried to some fixed number of decimal places and the question arises: 
what is the error propagated as a result of rounding-off the values of the products 
in (13) at the various steps in the process of computation? 

For the sake of concreteness assume that the initial temperatures are exact 
and that the computations are carried to p decimal places. Then, since formula 
(13) involves two multiplications, each one of which involves a round-off error 
ranging from —} X 10°” to $ X 10°”, it is clear that the first step in the sequence 
of operations (15) does not yield the true vector T; = AT, but the approximate 
vector T,;* = AT» + 5; where 3, is the vector whose components represent the sum 
of the round-off errors corresponding to the two multiplications in (13). In entirely 
similar manner it is seen that the second step in the sequence of operations (15) 
yields the vector T.* = AT,* + & = A(ATy + &) + & = A°T) + AB + &. 
Proceeding in this manner it is readily seen that when n successive steps of (15) 
have been carried out, we have generated the vector 


(16) T,* = A°T, + A™ 8 + A” B+ --: + AS: + 8, 


where in general 6, is the error vector whose components represent the sum of the 
round-off errors in the arithmetical operations leading from the components of 
T,_: to those of T, . 

Clearly T,* — A”T) = E, is the round-off error vector corresponding to the 
nth time step. Thus 


(17) E, = A” + A" “& + --- AB, + 5,. 
In view of (5) and (11) the last equation yields 
(18) | En |] S fl) S|] + i Sil + --- + Su! + 5, 


since the eigenvalues of A are known to be numerically smaller than unity. 
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Let 6* denote an upper bound of the components of all vectors 5, . It is then 
readily seen that 


(19) lls, || s & 
whence 
(20) | E, || Ss né*. 
Since 
; Ore be 
} E,, =4; Vi LE zt) 


it is clear that the maximum value of any of its components £,, is obtained by 
assuming that all but one of the components are equal to zero. Calling the maximum 
value of the component E,,* the last inequality yields 


(21) E,* < nVJ/Més. 


The second member of (21) is an upper bound of the round-off errors in the 
values of the temperatures generated by the explicit scheme (13). To illustrate, 
assume that M = 49 and n = 100. Since (13) involves two multiplications so that 
&* = 2-3 x 10°” = 10” it follows that Eo < 1001/49 X 10” = 7 x 10°”. 
Thus on the basis of (21) the values of the temperatures for = 100At computed 
by the difference scheme (13) may be incorrect by not more than 7 units in the 
(p — 2)th place. 

For the explicit scheme under consideration, a somewhat lower upper bound 
than that given by (21) may be obtained as follows: 

If E;,,, denotes the absolute value of the error in 7T),. and £,.* denotes the largest 
of the values of FE, (for h = 1, 2, 3,--- M) then, since r < 3 and therefore 
1 — 2r = O, the difference equation (13) yields: 


Exe S (1 — 2r)E.* + r(E* + E.*) + 2-3 X 10” 
= E.* +10”? = E,* + &. 


Since we assumed that the initial temperatures are exact so that E)* = 0, the last 
inequality yields 

(21*) E,* s né*. 

Thus the above elementary analysis has yielded a lower upper bound of the round- 
off errors than the previous more elegant analysis. It should be pointed out, how- 
ever, that the virtue of the analysis which culminated in (21) lies in the fact that 


nv/ M6 is also the upper bound of the round-off errors in the implicit difference 
scheme 


(23) Tran = Tre 5 s (%,. aept — 27 eta F Tagiaeaa + Trak — 27h + Tras 


Indeed (23) may be written in the form 


(23*) AT kas = BT, = (4] — A)T, 
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whence 
(24) Ti41 = ABT, = (4A — 1)T, = CT, (say) 


where A is the M X M tridiagonal matrix whose elements on the principal diagonal 
are = 2 + 2r and whose elements off the principal diagonal are = —r and where / 
is the M X M unit matrix. Since the determination of C involves the inversion of 
the matrix A, it may be easily shown that the counterpart of (16) is 


(16*) T.* = C"T) + C” Oy + C” “Se + --- + CBn-1 + 3, 


where now 6, is the error vector whose components represent the aggregate of the 
errorsarising both from the replacement of C = 44~' — I byC* = 44 _‘* — J where 
A~™* is an inexact inverse of A and from the rounding-off of all products and quo- 
tients involved, to the number of places carried in the computation. Since the 
eigenvalues of C are numerically smaller than unity (see for instance, the writer’s 
monograph on “The operator approach to stability and convergence’’) the develop- 
ments which previously led from (16) to (20) and (21) apply with the sole excep- 
tion that now 6* refers to the vectors in (16*). It should be clear of course that 
in the present case the value of 6* depends on the particular scheme for solving 
the system of equations (23) for the unknown temperatures 7,44; , or, what 
amounts to the same thing, the particular scheme for inverting the matrix A in 
(23*) To illustrate, we shall derive the expression for 6* for the case where the 
system (23) is solved by the method of iteration. We shall also quote the results 
of an earlier RAD* report dealing with the analysis of errors for a different method 
of solution of the system (23). 


2. The Method of Iteration. If 7),4? denotes the gth approximation to the solu- 
tion of (23), then the (¢ + 1)st approximation is given by 


1(q+1) r 1(q) Tit P 
Thieti = Tit + a (Trey — Trav + Tih, reat Trak — 2Tae + Trix) 
2 


whence 


(25) Shy — 2(1 + r) (Ties 243 a Tits. nt) 
a . 
+ sa +p | Trae + Tana) + > 1, 


As before let £,.* denote the largest of the absolute errors in the values of 7), , and 
let a” denote the largest of the absolute errors in the gth approximation to the 
T.«41’s. Then the last equation yields 
r r . 1 — 

(26) E(Ti2) < — - 2a‘? + - 2E,* + - | Ey + 36 

Met) 3 Ea 21i+r~" Te? ‘ 
where 36 = 3-3 X 10 ” is the sum of the absolute values of the maximum round- 
off errors corresponding to the three multiplications in (25). 


* AVCO Advanced Research and Development Division 
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For r < 1, (26) yields 
l 


r 


E(TiR2) < —— a” + —— E,* + 35 = pa’ + oE,* + 35 (say) 
+r i+r 
whence 
(27) at « pa” + oE,* + 36 
where a*” is the largest of the absolute errors in the (q + 1)th approximation 


to the T;,..+:’s. Applying the last inequality to p = 1, 2, 3,--- N — 1 we get 


Q 
A 


S pa® + ck,* + 36 


a” < pa” + ck,* + 38 


= 
lA 


pa» + GE,* + 36 


whence 


a™ < (1 + p + p 4. pte + p. *)(cE,* + 38) + i 











1 
a i es a a Se | ee 
l—p i—~p tas ae i ace 
l+r l+r 


In the last inequality N is the minimum number of iterations such that succes- 
sive values of Ti%.41 and 74%4) agree to within a preassigned tolerance. Clearly 
ae represents the maximum absolute round-off errors in the values of 7,44: . We 
have thus reached the conclusion 


(28) Ein < E,* + 3(1 + re. 


From (28) it follows that for the method of iteration under consideration 
&* = 3(1 + r)8. 

In the above analysis we assumed that r < 1. If r 2 1,o = (2r — 1)/(1 +r) 
and the counterpart of (28) is 


(28*) Een S (2r — 1)E,.* + 3(1 + ro. 


Comparison between (28) and (28*) shows clearly that although the choice r > 1 
seems to imply larger errors, the expression for 5* is formally the same as for the 
case r S 1, namely, 3(1 + 1r)é. 

We now turn to an alternative method for the solution of the system. The 
method, of unknown origin, consists of the following algorithm: if (23*) is rewritten 
in the form 


(29) Ay =b 
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then the components of y are given by the following sequence of operations 


2 
B= 2+4+2%—-—- k = 1,2,3,--- M;B = 2 + 2r 
Bea 
— r 
‘ip ns 
Bx 
(30) 
1 . l 
A= BE (by + rz) a= + or 
Yr = Ze — Ve2eq1 Yu = 2u- 


The analysis of the errors involved in the above algorithm is given in the writer’s 
RAD report entitled “On the Propagation of the Errors in the Inversion of Certain 
Tridiagonal Matrices.” The conclusion reached in this report is that if the compo- 
nents of b are assumed exact, an upper bound of the errors in the values of the 
components of y is given by the inequality 


(31) E*(y) < —2 { Bs [1 2+ Z\+ Y (1 + roa) + 1) 
B Bs r B,’ 








ere = s,* — - 


where B+ = 1 + 7+ +1 + 27 and B, Z and Y are the largest absolute values of 
the b,’s, z’s and y,’s and 6 = 4 X 10°”. A somewhat larger upper bound is obtained 
if Z and Y are replaced by upperbounds of the | z; |’s and | y% |’s which may be 
easily obtained from the above algorithm. We are led to 


7 Bx J Bx BBs 
rw sx {oo [14 —B] 
4 > Bo — rT \be Tr 6. — NG? — P) 
BBs ( r ) \ 
ae eee ey 
(6, — r)? B,*? — # 
Either one of the second members of the above inequalities plays the role of the 
quantity 6* in (21). It will be noted that since b is the vector BT, so that 





(31*) 





Dae = (2 — 2r)Traae + r( Tink + Train) 
it follows that 


b,.* 
b,* 


Ss (2 — 2r)T7,* + 2rT,* = 27,* forr < 1 
=< (2r —_ 2)T,* — orT,.* = (4r —_ 2)T,* for r = | 


where b,* and 7;,* are upper bounds of b,. and 7), for fixed k respectively. If b* 
and 7T* denote upper bounds of 6, , and 7), for all values of k, then 


(32) b* 


IA 


27” forr < 1 


(32*) b* 


IV 


(4r — 2)T* forr = 1. 


Since the temperature was assumed to vanish for x = 0 and x = 4, it is clear that 
T* is merely the maximum of the initial temperature function f(.). 

The previous developments are based on the assumption that the temperature 
vanishes on the boundaries of the slab. We shall now briefly discuss the modifica- 
tions which must be made for other types of boundary conditions. 
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Assume first that the boundary conditions are 
T(0, t) = do(t) 
(T(a,t) = or(t). 


If in the difference equation (13) we put h = 1 andh = M, we get 


(33) 


(34) Trear = rTox + CL — 2r)Tin + rT2% = roo(kdt) + (1 — 2r)Tin + Ten 


: Taw eu = tT yk + (1 — 2r)T ue + rT waa 
(35) 


= rT yak + (1 — 2r)T wx + roi(kAt). 


In view of (34) and (35) it can be readily seen that the counterpart of the matrix- 
vector equation (14) is 


(36) Tras = ATi + uy 
where 
(37) Uk = Too(kAt), 
(38) Um = Th (kAt), 
and all other components of u are zerc. 
If in (36) we put k = 0, 1, 2, --- ,m — 1 we ultimately get 
(39) T, = A"T) + A” ‘uy + A” + +++ Ate + Un. 


The analysis of propagation of errors is entirely similar to the analysis which 
led to equation (16). Its counterpart is 


T* = A°T) + A” ‘wy + A” Uy + °°: + Ata eo + U1 


(16*) “ we 
+ A*”& + A” 6 + --- + Ab, + 5, 


whence, in view of (39) 
(16) E, = A" ‘s+ A” & +--+: + Ad, + 5h. 


Thus, the expression of the error vector E, is identical with that previously 
derived for the case where the temperature vanishes on the boundaries of the slab. 
We conclude that the upper bound of the round-off error is once more given by (21). 
The same conclusion can obviously be drawn also for the implicit difference scheme 
(23); the reasoning is identical with that given before. It should be pointed out, 
however, that the quantity 7* in equations (32) is the largest of the maxima of the 
functions f(x), do(t) and ¢:(¢). 
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The Rational Approximation of Functions 
which Are Formally Defined by a 
Power Series Expansion 


By P. Wynn 


1. Introduction. The advent of high speed digital computers and the consequent 
intensification of interest in the study of numerical analysis has caused considerable 
attention to be paid to the problem of obtaining approximation formulas for func- 
tions which occur in the theory of mathematical physics. It is the purpose of this 
note to describe the theory underlying various methods of obtaining rational ap- 
proximations to functions which are formally defined by a power series expansion; 
it is assumed that the power series concerned are quite general in character, and 
that the functions with which they are associated do not satisfy a particular func- 
tional equation which would permit the use of any special method. The theory 
is then subjected to a detailed analysis in terms of the computational steps in- 
volved, and a comparison, with regard to computational efficiency, of the various 
methods which may be devised for obtaining rational approximations is given. 


2. The Padé Table and the H-Array. The approximation to the function defined 
by the power series 
(2.1) B(x) =o tart Cox” + --- 
by a rational function of the form 


(2.2) l ls (x) _ Ayo + yi 2 a ° oe os Sant 





Vur(®) Bow + Bret +--+ + By a 


can be systematized [1], [2, p. 420], [3, 377] by imposing the condition, where this 
is possible, that the expansion of (2.2) in ascending powers of x should agree with 
the power series (2.1) as far as the term in 2*~”, i.e., that the power series expansions 
of B(x)V,.(2) — U,.(2) should commence with a term in 2°” 
mediately to the set of linear equations. 


+1 rm: ° 
. This leads im- 


CoBo.» = Myo 


C80» + CB; vy = My 


Cy+pBo.» + Cotp~i.e + ota he + CHa.» = 0 


which serves uniquely to define the coefficients in (2.2) if the restriction So, = 1 
is imposed. The rational functions (2.2), determined by equations (2.3), may be 
placed in an array in which the quotient U,,,(2)/V,,,(2) is at the intersection of 
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the (vy + 1)th column and the («4 + 1)th row. Such an array is referred to as the Padé 
table of the function 8(x), and the condition that it may be constructed from the 
systems of equations (2.3) is that all the Hankel determinants 


| Cm Cm+1 ie Cm+n—1 

) | Cm+41 Cm42 °°° Cm+n 

(2.4) H.‘ OP _ _ 
Cm+n—1 Cm+n thats Cm+2n—2 


should be non-zero. 
Since the successive convergents of the continued fraction 


Cc (™) @ (m),. (™).. @ (™),. 
(2.5) Beet ae oa Eee 


i - —- l= i- 1 -— 





are rational functions of 2, it is to be expected that there is a connection between 
the theory of continued fractions and the Padé table. In fact, if (2.5) is the con- 
tinued fraction expansion, which may be derived by a number of methods one of 
which will explicitly be described in a later section, of the power series 


(2.6) Dd Csr” 


r=0 


then [2, p. 447] the quotients 


(2.7) Uox(x) Uo n+ (2) U1 x41 (2) Ui n+2(2) Ue n42(x) 


Vo,n(x) : Vo.n41(2) : Vin41(2) y Vi442(x) : Von42(2) . 


are the successive convergents of the continued fraction 











GS a+az+---+a2 + Cex ge Pr ea ge % peu 
—— : 1- 1- 1- 1- 1H ; 


while the quotients 





(2 9) Ux,o(x) Ura(x) Ves a(z) Ur+i2(2) Unse2(z) ven. 
, Vio(x) ’ Viea(x) ’ Visi a(z) ’ Views,2(z) ’ Viewo.o(x) ’ 


are the successive convergents of the continued fraction 




















(2.10) l dyix'* qt t's e's qt’ et 
' @+azr+---+ar+ 1 r rs 
where, formally 
‘ be “ie d. g's e's qe”’x e.”’r 
(2.11) De Aes = 824 Fm ees 
and 
(3.12) ( 2’) (> d,2') = j. 
r=0 r=0 


Before proceeding further it will be stated that rational approximations will be 
derived which relate to the series 
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(2.13) B(x) = Doe, 2’ 


r=0 


and others which relate to the series 


(2.14) F(z) = Diez”. 


r=0 


Since these series may be transformed into each other by means of the simple 
relationships 


(2.15) B(x) = x F(x") 
(2.16) F(z) = z'B(z°), 


it seems to be most economical to refer all the working to one of the series and 
further, it would seem to be a cause for surprise that this should be a matter for 
discussion. However, if the series (2.14) is rewritten as a power series in x = z it 
will be observed that the constant term is missing, i.e., that the condition that all 
the Hankel determinants (2.4) should be non-zero is violated. If on the other hand 
the series (2.13) is treated with methods to be described, there results such a wilful 
perversion of certain classical results, such as occur, for example, in the theory of 
orthogonal polynomials, as would encourage some other course of action to be 
adopted. A yet more decisive reason for difficulty is contained in the observation 
that the Padé table is essentially a symmetric structure in the sense that the power 
series expansion of {8(2z)}~’ has the same form as that of 8(2), whereas the power 
series expansion of {F(z)}~' has not the same form as that of F(z). 
Accordingly, the rational expressions E,,‘”’(z) of the form 


(m) 
(2.17) BG) 2 ho 
Pn” (z) 
where p,” (z) is the polynomial of the nth degree 


n 


(2.18) pa (2) = Do kone’, 
s=0 
r,’”(z) is a funetion of the form 
m+n—1 
(2.19) re" '(z) = 2" Dd, ie, ro (z) = 0, 
s=0 


and the series expansion of Z,,°”’(z) in inverse powers of z agree with that of F(z) 
as far as the term containing z "°", will be arranged in the following array: 


Eo (z) 
Ey” (z) BE, (z) 
Ey” (z) E, (z) E, (z) 


E, (z) E,® (z) E,™ (z) E;°(z) 


Ey” (2) BS <s) E,‘?"* (3) a (z) oF. , (2) 


sm 
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in which the quantity E,,°”(z) occurs at the intersection of the (n + 1)th column 
and the (m + 1)th diagonal. This array will be referred to throughout this paper 
as the H-array. Clearly the constituents p,‘” (z), r.°”’(z) of the function E,” (z) 
may also be displayed in the same array. If, in the notation of equation (2.18), 
the restriction 


(2.20) ie = 1 

is imposed, it is clear that 

(2.21) 2 "pa (z) = Va.mena(), 2x = 1 
and that 

(2.22) zt (2) = Un.mani(Z), 22 = 1. 


If, as is convenient from the point of view of numerical computation, the Padé 
table is regarded as an array of vector pairs 


(2.23) (Gig. s Mpa, °** » Ape), (Ber, Biv, °** » Bpw), 
so that 
(2.24) Une(r) = (ap0, Gp, °°", Gp») (1,2, °°, 2°)" 
and 
(2.25) Vuw(t) = (Bor, Biv, °° 5 Buw)(1, 2, +++, a*)", 
and the #-array is regarded as an array of vector pairs 

(ies es, >’ RD, (ine , ton, -*+ , Pa) 
so that - 

Pa (2) = (Kae , kaa, +++, ken)(1, 2, --- ,2")" 
and 
ra (2) = 2 "(ino y tna» °°* y trmana) (I, 2, --*, 274")? 


it is seen that the whole H-array may be obtained from the Padé table by trans- 
posing the Padé table, deleting these terms lying above the diagonal beginning 
with the second term of the first row, and placing the quantity E)’(z) = 0 at the 
peak of the array; conversely, part of the Padé table may be obtained from the 
E-array by removing the entry Eo(z) and transposing the E-array about the 
diagonal EZ,’ (z),n =0,1,---. 

Approximations relating to both series (2.13) and (2.14) will be derived, the 
series chosen for treatment in a particular case being selected according to the 
dictates of convenience. The variable used will indicate the series under considera- 
tion. Methods for deriving rational approximation formulas will now be discussed. 


3. The H-Array. 


3.1 Orthogonal Polynomials 


The various questions associated with the central problem of obtaining rational 
functions from power series expansions are unified and greatly clarified by an appeal 
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to the classical theory of orthogonal polynomials. This is usually introduced [4, 
p. 153] by focusing attention upon the integral formula 


b ( 
0 ~ 8 
(3.1.1) [, pope) doo = { — 
Je @, r=8 
which serves uniquely to define a sequence of polynomials p,(t) r= 0,1, --- , and 
it is then noted at some later stage that if 
b 
(3.1.2) [ ede) =. 


then formally 


b 


1 . ; 
/ — , aot) = > ez A 


z r=0 


(3.1.3) 


Since, however, the moments c, are the central feature of the problem in hand, 
and the introduction of the integral and weight function ¢(¢) ( in view of the 
difficulty of envisaging an appropriate form for ¢(¢)) may even serve as an im- 
pediment to understanding, the present treatment will slightly be varied. 

Accordingly, define a process J by 


(3.1.4) i(f) =e, s = 0, 1, 

and construct a sequence of orthogonal polynomials p,‘"’(z) n = 0, 1, --- ,m = 0, 

1, --- , from the relations 

os a (0 Osssn-1 

(3.1.5) 1(t"**p, (t)) ~+ aiitihen 
Wn s=n 


where w, is so chosen that in the representation 


n 


(3.1.6) Pa” (z) = ys ee 2 


s=0 


(3.1.7) km = |] 


‘an “™ 


Construct a second sequence of polynomials 
aay On (2) = Qo jnwz’ 


from the relation 


( 


m s n ys — aan 

(3.1.9) on” (z) =I AS (2) — () n=i1,z,---;m=0,1,--- 
\ ol 

These are the classical associated polynomials occurring in the theory of orthogonal 

polynomials [4, p. 162]. 


Note in passing that formally 


(3.1.10) if) = > Cm4e2 - 


t) s=0 


Consider the quotient o0,°”’(z)/p,‘”’(z), there follows 
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Pn (m)(z ) 





On” (z) ee es po / 9 
= I< 











Sk ge 4 7 Je Pa” (t) 
lz iia tf Pa™ (z) \ oF 
(3.1.11) = 2 Cmte! — fo" — kee > + +f 2 Pa (1) a) 


2 
= » » Cm+s "initia + Pon4i(z) 
s=0 


; ‘ . . ° ° ° —2n—1 ° 
where P2,4:(z) is a power series beginning with a term in z ” . Define a third 
sequence of functions r,‘”(z), where 





m+n—1 
(3.1.12) 27a (z) = > ime 
s=0 
by means of the relation 
(3.1.13) r (™) (2) _ I 2"pa (z) — t” Pn ™(¢)) 
; F z—t _ 


and note that 


(m) m—1 20 
' ra” (2) _— a Os (8) ~- 
(3.1.14) > ™(z) = > CsZ , +z > ™(z) = > Cs 2 : a Prngongi(Z) 








Thus it can be seen that the construction of the E-array may be greatly facilitated 
if the functions 0,°”(z), pa‘ (z) and r,‘”(z) may be constructed with moderate 
ease. Results which enable this to be done, and others which will be of later interest, 
are now given. 

Eliminating the coefficients k{”? s = 0,1, --- , n, between n equations of the 
form (3.1.5) with s = 0, 1,---,2 — 1, (3.1.6) amd (3.1.7) there follows the 
determinantal formula [4, p. 158) for the polynomial p,‘” (z) 





1 z eee 2” 
Cm Cm+1 lies Cm+n 
Cm+1 Cm+2 adil Cm+n+1 
« 7 (m) n 

(3.1.15) Pn (z) _ ( —] ) Cm+n—1 Cm+n sta Cm+2n—1 
Cm Cm+1 aioe Cm+n—1 
Cm+1 Cm+2 nine Cm+n | 
Cmin—1 Cmin yoni Cm+2n—2 


Further it may be shown [4, p. 158] that the polynomials satisfy a recursion of the 
form 


preu(z) = (2 — as” )pe™ (2) — Brrpraa(2z) 
(3.1.16) (m) a” (m) 
po (z) = 1, (z) =z—a, 


and, from the definitions (3.1.9) and (3.1.13) 


anc 


Th 
ide 
fra 





ie 








THE RATIONAL APPROXIMATION OF FUNCTIONS 


( n) m 
bs Or41(2) = (z-— a,*”) )O; c (z) — Dae as (2) 
(3.1.17) - tae 
eo (z) =0, Oo (2) = Ce 
and 
( (=)) m) 
revi(2) = (z-—a,™ ™ (2) — Brrirena(z) 
9 
(3.1.18) ro’™( 21 ™ tao —m 
- Dar ; z) = ra "(z)ro”'(z) + mz”. 


These recursions, in conjunction with equations (3.1.11) and (3.1.14) serve to 

identify the quotient o,”'(z)/p,”’(z) as the nth convergent of the continued 
fraction 

(m (m) 

Cun ~ 

(3.1.19) iid = — Bo ee 


(m) 


aa el — zZ=— @, - 


where formally 


3.1.20) F,,(z) = ¥ coaet fea 
and the quotient r,‘”’(z)/p,°”’(z) as the nth convergent of the continued fraction 


m—l 
a , c, g?t 
3.1.21 aa / =) - 1 
(3 ) +3") Cm Bo' 2 acme ee Bra me, 3 


- a ay™ — 2. a” — z= a,” — 


Multiplying equation (3.1.16) through by t”*”' and replacing z by ¢, it follows, by 
virtue of equation (3.12), that 


(3.1.22) = 1(t"**p6"(t)) = Bt p(t) = emo Bi --- BS 


m+r 


Similarly, by multiplying the same equation through by t”~”, it follows that 


(3.1.23) 1¢¢"7"**p,“" (t)) = cmBo Bi” - ++ BI™(a0’” + aS” +--+ + a”) 


Equations (3.1.16), (3.1.22), and (3.1.23), taken in conjunction are now sufficient 
to determine in succession the quantities k{”’ , 8{") , a,‘” for any preassigned value 
of m [3, p. 196]. The coefficients i‘ may be recovered by means of the recursion 
(3.1.18), or from the condition (3.1.14), or from the recursion (3.1.17) in eon- 
junction with the condition 


m—1 


(3.1.24) re” (z) = pa” (2) qs°* +s “e."(2). 
P 


s=0 
.2 Stieltjes’ Algorithm [5]; (2, p. 326]; [8, p. 203). 


An algorithm for obtaining the quantities a,‘”’, 8{") and hence, by virtue of 
equations (3.1.16) and (3.1.18), the quotients r,‘”(z)/p,”(z), is implicit in the 
followng theorem due to Stieltjes: If the bilinear form >—* <0 Cm+p+¢Up¥/e is decom- 
posed into 


> Cm+p+atpYq = Cm( hoo’ Xo + hyo x1 -* -+) (hoo yo + hyo ys ieee 


p.q=0 


+ Ca Bo” (hit 21 + hy? 2 eee (ai + hat yo + ---) 
+ ¢mBo°” Bx” (he's 22 + ne + -++)(Ai2 yo + ASD ys + ---) +--- 
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e,° (m) i ° . ° °,° m) ( ° 
then the quantities h,”;’ satisfy recursions involving quantities a,”’, 8;"; expressible 
by the matrix equation 


(aie O O- ---) —ay” 1 0 oO 
Ey h™ 0 | | Bo™ (m) 1 0 | 
ns AS as 0 ~~” —a"” I | 
orth: aie Bette iiben tere 
‘een (ny MP 0 
Jase Ag? Asp 


h 3.0 h ‘ry hse 


in which 
(3.2.3) he =1 r=0,1,---, 


furthermore, by equating the coefficients of x,y, on the right and left hand sides of 
equation (3.2.1) 


9<« . x (m) 7. (m) ‘ (m) 7 (m) 1 (m) 7. (m m (m) 7 (m) 
(3.2.4) Cm+p+q = Cmhp,0 hgo + CmBo : bp, gt + CmBo 8: hpszhes + :-:-: 


the series in (3.2.4) being terminated by observing that h,”” = 0 if s > r. Finally, 
from equation (3.2.2) 


(m) (m) 


(325) ao — —hy'o Oty’ 


m) (m) 


= Res os ne f= a 2, lai 


The significance of this result is revealed by denoting the triangular matrix in 
equation (3.2.2) by H’”’, the matrix 


[Cm Cm+1 Cm+2 
(3.2.6) Cm +1 Cm +2 Cm+3 
Cm +2 Cm +3 Cm +4 
Le eccceescescccecees 
by C’”’, the diagonal matrix 
Cm 0 0 


i , a 0 see 
(3.2.7) Bo ne on 

0 0 Cm Bo Bi ab a | 

by D‘”’, the vector (2, 21, t%, +++) by x, the vector (yo, 1, ye, °°* )” by y, and 
rewriting equation (3.2.1) as 


(3.2.8) 2c'"'y a xH’”D'” Hy 


Thus it is seen immediately that the process of determining the triangular array 
H’”’ is equivalent to the familiar Gauss-Banachiewicz decomposition for solving 
linear systems, in which the matrix D“” is so chosen that the diagonal elements of 
the matrix H’”’ are unity (see the remark contained upon page 278 of [6]). The 
relationship between the matrix H 


(m) 


and the matrix 











TI 
ul 


Wi 


ar 
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(Ki 0 O 
| 7.(m k™ 0 
(3.2.9) Pati ™ 
| keto «katt k's 
of coefficients in the orthogonal polynomials p,‘”(z) n = 0, |, --- is revealed by 


noting that a consequence of equations (3.1.7) and (3.1.22) taken in conjunction 
is that 


3: m0 (mp) 9 Om 0 r=0,1,---,8—1, 
(3.2.10) I(t"p” (t)p.” (t)) = 16,86, -- «gm ayy 
or in matrix notation 
(3.2.11) K™c"K™? = D™ 
Using the result (3.2.8) it follows that 
(3.2.12) a a ee eel 
or 
(3.2.13) kK” =H”. 


The author is indebted to Professors F. L. Bauer and H. 


tutishauser for remarks 
upon this section. 


3.3 The Quotient Difference Algorithm 

If the substitutions 
ae” =Giite” Bo” = e541Ge+k s=0,1,--- 
with 


(m) 
e m 


are made, the continued fraction (3.1.19) becomes 


) 


,.(m) (m (m (m 
(3.3.2) — a wr canta 
eae (m) a (m) (m) (m) (m 
SS eee Se US [a= = 


and may be recognized as the even part [2, p. 197], [3, p. 20], 


(m) (m) (m) (m) 
é » Ces 


The odd part of (3.3.3) is 


(m) (m) (n 
» 


(3.3.4) cod + — —— a = on _ er rt 


( - ae (im (m) 
2—- qi — ©) at oe — €2 -— 2-6 ~- Ga - 











However 


x b2) 
~~ T —r-l Cy -1 r—1 
(3.3.5) re eee a ee 
r=0 


r=(0 
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and hence 

io] 

—r—1 
3% Cm+r+1 2 
. =0 

(3.3.6) ° (m) (m)_ (m) (m) (m) 

a Cn Qi €1 Qe Cr = Qr+1 

(m) (mm) a. oe (m) aes (m) (m) 
Pe e- Se =e 2 — Qr+1 — Cr+i — 


Substituting m + 1 for m in (3.3.2) and equating the coefficients in the resulting 
continued fraction with those of (3.3.6) there follows the two systems of equations 


( (m) +1) (m+1) 
(3.3.7) gr +e" og” +a 
(m)_ (m) (m+1) (m-+1) 
(3.3.8) Qr+ier “= qr e er ‘“ 


which may progressively be used to derive the coefficients in the continued fraction 
(3.3.2) from those of the infinite series twa" 


The quantities g,‘”, e,“”’ may be arranged in the following scheme: 


(0) 
qu 


1 0) 
eg? e 





the various quantities occurring in equations (3.3.7) and (3.3.8) are then seen to 
be located at the corners of a system of lozenges, two of which have been sketched. 
The computations are started with the initial conditions 


9 « (m) (m) y 
(3.3.9) eo = 0, qi = = Cm+i1/Cm ° 


The system of equations (3.3.7) and (3.3.8) is the Quotient-Difference (q-d) 
algorithm. Formulas relating to it have been given by a number of authors [7], [8], 
[3, p. 382], [9], [10], [11]. Properties of this algorithm which are of critical interest 
in the theory of numerical analysis have been exploited by Rutishauser in his 
expository study [10]. An interesting generalization of the algorithm has recently 
been given by Bauer [12]. Once the quantities q,°”’, e,°"’s = 1, 2, --- have been de- 
rived, the system of polynomials o,‘”’(z), p.‘”’(z) and the functions for a fixed value 
of m, may be constructed by use of equations (3.3.1), (3.1.16), (3.1.17), and 
(3.1.18). 


4 
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~I 


3.4 Further Polynomial Recursion Systems 


Two further results which relate the quantities q,‘”’, ¢,°”” and the polynomials 
p,*” (z) are (10, p. 11] 


(3.4.1) pe (2) = pe (2) — ef pt” (z) 

and 

(3.4.2) pe (z) = 2psmt?(z) — gi pi(z) 

It follows trivially from the definitions (3.1.9) and (3.1.13) that 
(3.4.3) zo," (z) — 0f°"*?(z) — ef ott? (z) = emp” (2) 
(3.4.4) on” (2) + gr 0? (z) — oft? (z) = enpi@t” (z) 
(3.4.5) rt (2z) = 2°" (2) — 6 riet?(z) 
(3.4.6) ri” (2) = aritt?(z) — gr rith(z) 


and after some manipulation, that 
(3.4.7) e2prt?(z) + (qi — esti” — z)p.\"'(z) + piti’(z) = 0 
(3.4.8) Qt Pr” (z) + (e,°” oe Paty -_ z)p,‘” (z) re zp,‘"*» (z) aa 0 


(3.4.9)  eari*f(z2) + (gh — eft? — z)r,(z) + rSr"(z) = 0 


(3.4.10) gSfr?r,°"? (z) + (e°” — gti? — z)re6”(z) + ar" (z) = 0 
(m)_ (m+1) 


en ott? (z) + (Qh — efi? — z)o,'"(z) + 20%Fi" (z) 
(3.4.11) 


m—l) 


+ emer pit (2) — Cmapisi (z) = 0 
en a 4 fo” Fs qr” ’z)o,°” (z) + o,°"* (z) 
(3.4.12) (m) (m—1)_ (m—1) 
+ CmPr (2) — Cm—19r Pr (z) = 0. 


The transcribed recursions (3.1.16) and (3.1.18), namely 
(3.4.13) — pepi(z) = fz — @hEh — eps (2) — ef ge pita(z) 
(3.4.14) rsi(z) = fz — geen — er (z) — en ge rsa(z) 


are recursions involving quantities lying upon diagonals of the E-array, (3.4.7) 
and (3.4.9) and (3.4.10) involve quantities lying upon rows and columns of the 
E-array respectively. Both pairs of recursions (3.4.7) and (3.4.9), and (3.4.8) and 
(3.4.10) could be used to construct continued fraction expansions whose con- 
vergents lie upon a row or a column of the E-array, and indeed, by suitable use of 
the recursions (3.4.1), (3.4.2), (3.4.5) and (3.4.6), continued fractions may be 
constructed whose convergents lie upon arbitrary paths in the H-array, but numeri- 
cal evidence shows that practical interest attaches only to the continued fractions 
of the form (3.3.2). 


3.5 The Euler-Minding Relations 


Eliminating the quantity z — a,‘” between the recursions 
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(3.5.1) Pilz) = (2 — pice ‘" (2) — Be ip)"1(z) 
(3.5.2) rei(z) = (2 — ap )re” (z) — Borire™)(z) 


there follows 


(m) (m) (m) (m) (m);{ (mn 


Tri(Z)pr (2) — proi(z)re (2) = Buifr, ” (2) p-—1(2) 


(3.5.3) — re"i(z)p,” (z)} 
= CmBo Bi” «++ By7} 
or, dividing equation (3.5.3) through by p{7i(z)p,°"’(z) writing, 1, 2---n for 
r + 1, and adding the resulting equations 
rn” (2) T Cm — -°* Bros 


(3.5.4) = 1ro"(z) + Be cnc 


(™) (z) ™ 


Pr” (2) r=1 Dr-i 


the Euler-Minding relations [2, p. 16], [3, p. 17], for is continued fraction (3.1.21). 


~) 
(z) 


3.6 A Non-linear Recursion 


The rational function Z,,‘”’(z) may also be computed by using a further result 
in the theory of continued fractions, namely that nth convergent 


> ay ae a 
3.6.1 C, = he 
aes; £484 6 


of the continued fraction 


(3.6.1) _- a. Te... ae 


by + be + bn + 


may be computed by evaluating the sequence 





(3.6.3) D, = “e Dra = —TB mH 12+ m1, 
when 
D, = C,. 
Writing 
(3.6.4) Dy, (z) = dr + diane + +++ + des = a 





ad™, (m)’ : ” 8 
dy's.0 + dy. 2+ rT + dyes < 


bir ; ; ‘ ’ 
it is seen that the rational function 0,‘”’(z)/p,‘"’(z) may be constructed by evalu- 
ating the sequence 


q(m) 
D°? (z z) - By—2 


2 a= 34 
(3.6.5) 
(m) 
pD™ he ~ 8,2 
vstl\o} ™ (m) m 
s= @...-4 ~ tS agp ( 
when 


(m) m (im 
Dy (z) = oy‘” (z)/p.\” (2). 


(m) 


The quotient £,,°"’(z) may then be constructed by means of equation (3.1.24). 
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It will be observed however, that whereas the evaluation of the sequences 
(3.1.16), (3.1.18) and (3.5.4) are progressive in the sense that at each stage there 
results the evaluation of a new function p,‘”’(z), r,‘"’(z) or E,‘” (z), the evaluation 
of the whole sequence D{’(z) s = 1, --- , v results in the computation of but one 


+ (m) 


quotient E,°"’(z). 
3.7 The em(S,) Transformation {13} [14] 


If the partial sums S,, of the infinite series }“*» c,z"' are defined by 


m—1 
(3.7.1) S.= Dez” r=1,2,---,S=0 
r=0 
then 
ASn _ Sm4 va Sm 
(3.7.2) 


Equation (2.17), by means of suitable operations upon rows and columns of the 
determinantal expressions which arise from the application of equation (3.1.13) 
to the expression (3.1.15), may be manipulated into the form 





Sn Sm4i =." Sie +n 
AS,» ASmnas Nel. AS,, +n 
AS nit ASn42 yep AS,, +n+1 
“as = : AS», n—1 AS, n statins ASns2n —1 
(3.7.3) E,™(z) = at 
i Tins 
AS», ASn41 ——" AS, +n 
ASn41 ASn42 fa AS +n+1 
ASn4 n—1 ASmin iste AS,, +2n—1 


The determinantal quotient (3.7.3) was denoted by Shanks [14] as e,(S,4,) and 
was investigated, primarily as a non-linear sequence to sequence transformation, 
by him. 


3.8 The €-Algorithm 
™(z)m=C,1,--- ;n = 0,1, --- , may beconstructed 
by means of a simple recursive algorithm due to Wynn [15]. According to this, 
ae »(m) ° > 
quantities EY"t;/2(z) n = —1, 0, 1,--- are introduced, and using as boundary 
, ) ’ ¥ . “4: > (m 
values E“Yj2(z) = 0, E,‘"’(z) = Su, m = 0, 1,--- further quantities £,°”'(z) 


s = 4,1, 3,--- ;m = 0,1, --- are constructed by means of the recursion 


The various quantities E,, 


‘ > (mf) _ zrlmt) se, ] 
(3.8.1) a. (2) = Et; (2) + BOD) — EM, ale) 
(In the original exposition of this algorithm, [15], the right side of (3.7.3) was re- 
garded as the result of a non-linear transformation of the quantities S,, and the 
notation EO") y0(z) = Conai(Sm), Eno” (z) = €on( Sm), was used.) 

Since all the quantities Z,‘”’(z) are rational functions of z, and equation (3.8.1) 
may be manipulated into such a form as would require only the multiplication, 
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addition, and subtraction of polynomial expressions, the €-algorithm provides a 


method for computing the constituents of the H-array. 


A certain measure of economy in the use of the €-algorithm for this purpose 
may however be effected by writing down explicit formulas for some of the quanti- 


ties occurring in equation (3.8.1). Accordingly, as may easily be verified 


























E™ (m+1) 1 
Exy(z) — E; (z) = Em) m) 
Evyija(z) — Ev? 12(z) 
Cm Cm+i ia’ a Cm+n Cm+1 Cm+2 Cm+n+1 
Cm+1 Cm+2 see Cmtn+l Cm+2 Cm+3 Cm+n+2 | 
. . . . . . | 
Cmin Cmin+i °°" Cm+2n Cmint+i Cm+n+2 Cm+2n+1 
= . | 
| 1 2 ioe Pas § 2 2” 
(3.8.2) Cm Cm+1 "5 Cmengi | | Cm Cm+2 Cm+n+ | 
° Ps i * . ° | 
Cm+n Cm+n+1 a Cm+2n+1 | | Cm+n Cm+n+1 Cm+2n | 
(m+1) — 
Cm+1 I Cu Gu 
oer ae 
Pn+i(z)Pn (2) 
(m+1) g(m+1) (m+1) 
_ CmeiBo Bi © ++ *Ba-1 
a (m) (m+1) 
Pnti(z)Pn (2) 
(m) (m+1) 1 
Extij2(z) _ E,-1 o(z )= +¥(m+1) (m) ¢ 
In (z) — E;, (z) 
boy Z vee 2" gs 2 2” 
| | 
} Cm Cm+1 _a Cm+n | Cm+1 Cm+2 Cm+n+1 
} i ° 
wn | Cmin—-l Cm+n Cm+2n—1 | | Cmin Cm+n+1 Cm+2n 
(3.8.3) Cm Cm+1 it tis Cmin | | m1 Cn+2 Cmin 
} 
Cm+1 Cn+2 aialte Cm+n+1 Cm+2 Cm+3 Cm+n+1 
| ° ° | ° ° 
| Cm+n Cm+n+1 Cm+2n 1 | Cmin Cm+n+l Cm+2n—1 
(m) (m+1) — (m+1) 
_ po (s)pn (8) (z)pn" (2) 
x. =r (m) p(m) (m) 
II (m) ~~ - Bi ial ‘Soo. 
Cm Cu Qu 
p=0 
0 1 z 2” 
| 
| 1 Cm Cm+1 the Cm+n 
Zz Cm+1 Cm+2 “sti Cm+n+1 
n 
(3.8.4) E™ zZ Cm+n Cm+n+1 igh Cm+2n m+1 
Enyi2(z) = Zz 
Cm Cm+1 ti Cm+n 
Cm+1 Cm+2 ft Cm+n+l 


| Cm+n Cmtnti °°° Cm+2n 














THE RATIONAL APPROXIMATION OF FUNCTIONS 161 


It is immediately seen that the quantities E%"),,2(z) are, apart from a factor of 
z”*, polynomials of the 2nth degree in z, and may be written 

s=2n 
(3.8.5) Ev?in(z) = 2" Ye. 


s=0 


In this instance a large part of the computational effort which, upon the assumption 
that E,"(z) s = 4, 1,--- is a general rational function of z, would go into the 
computation of coefficients which are known to be zero, may be avoided. 


3.9 Example: The Incomplete Gamma Function of Large Argument 
Certain aspects of the preceding theory are illustrated by the integral 


© ,a—l1 —t 
ir(a)y* [ awtkess M28 , ... 











z—t 2 
(3.9.1) 
a ee Pe 5 Lead! 
 gpera-2+a-z-— 2r+a-—-2z2- 
Here 
Ta + m) 
3.9.2 » = aes 
—_ Ta) 


) m) 


and as is easily verified, the quantities g‘” 
this case by 


, e-” of the g-d algorithm, are given in 


(3.9.3) gq” =atm+r—-l, e™ =r; 
further in the notation of equation (3.1.6) 
(3.9.4) po (z) = L‘(z) 


where L{*’(z), the Laguerre polynomial of order a and degree n satisfies the re- 
cursion 


(3.9.5) (n+ 1)L59\(z) — (Q2n4+1+a—2z)L6°(z) + (n+ a) LE2x(z) = 0. 
Replacing z by —z, (3.9.1) gives the expansion, suitable for large values of the 
argument, for the incomplete gamma function 

rd wetinet Fees ... ee 


z 2 2 
(3.9.6) 
ee eee ee 
 2@ta-ztat2— ztat2r— 
The initial members of the E-array for this function are given in Table 1. 
When a = 1, (3.9.6) becomes 


ef — dt~ — >> r\(—z)7" 


r=0 





(3.9.7) 


a ee Seer 
z¢1—-24+3- 2+2r+i1— 


Numerical values of the entries in Table I when a = z = 1 are displayed in Table 2. 








| — 3 ~— ~~ sn~ o~ — ~~ — —s —_ —_— = we 
(F+™E+™TG+)(L +?) FAKE] + )F F 2h + (E+ )9 + (6 +) + 7 
tZ +2 (96 + OF + 211 + ) + e2(Zl + LZ + 28) + 2Z(OL + 8) + 7} 1-2 
(§ + (B+ ”)(1 +7)” + 26 +) +”)(I +) + 2(E +”) +9 +26 +”) +12 
(6% + PBT + PL + ) + 2098 + PGT + 8) + 2(GI + 8) +e 
(b+ )(€ +) +) + | 
26 + (E+ MEt A(t E+ | @+”)(E+%) +2 2(b + )% +e? ; b+7+2 0-4 
{0g — 26% + (1 + ®)%z + 209 — Bite + »)0 — 2([ + v)oz + ~ | eC — 4 +) OE — 
| 227G — 2h + 92} 5-2 


22(98 + POL + 2) + e2(ZE + Z) + 2} e-2 | s2C1 + 22(8 +) + iz}e2 
| 
| 


(€ + *)(S + *)(T +?) + 


2(g¢+ ”)G + )E + 22(§ + ™)€ + Ff (€ + ?)(Z +”) + 2(E + )% + 2 E+rV+2 e-) patel om ; 
i. ae nein | i§§§ <aanmibieens —_ 2 i a - wil(Z— —. tee —- AN 
19+ 2(81 +L + 2”) + 22(6 + 9%) + 7} 1-2 (>z — 29 + 22(9 +”) + o2}5-2 {(L +)? + 20% — 22 + 67} _-2 —  g = 
+ )(I +o + | | 
2% + (I+ YE + 2% + E+ 7 | (+ *)(I + %) + 26 + 8 + 2? 2+7+2 es piel nelle 
(9+ > +») +2 (9 + Z) + 22 (2+ 2b +?) + 22} 1-2 {> — 2z + 22},_2 | x 
| | 
(+ 9)? + & [+7 B+ 2? | I+ ”?+2 f<? 
— | (Z—)(T — 44+ )---(L +)” x- 
e+™+e | (tte | ' : 
»” Z O=4 
+ | ses(8—)( —t4)---([+)9 F- 
I | 0 
0 





I a1av 
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TABLE 2 


1 0.5 éf > dt = 0.5963 4786 
0 0.6 0.5714 2857 , 
+2 0.5 0.6153 8462 0.5882 3529 
—4 0.8 0.5714 2857 0.6027 3973 0.5933 0144 
+20 0.0 


0.7096 7742 0.5882 3529 0.5988 0240 








Some further particular cases of (3.9.6) are the Complementary Error Function 








a 9 ) 
RU OE CPM th giles peg Apts «eg Mies asa 
J: (227 ++ 1 — 22 4+5— 22+ 4r+i1— 
and Dawson’s Integral 
e ‘se e” dt 
(3.9.9) ee 
se 2 rr t+) 
2 \22 —1-—22-5-— 22° — 4r —1 — 


(This continued fraction is of course divergent, since its convergents are all real 
and the integral is real. However there remains an uncancelled imaginary con- 
stituent upon the right hand side of (3.9.9). Nevertheless the continued fraction 
(3.9.9) exhibits a sort of semi-convergent behavior. It is to be preferred for the 
computation of Dawson’s integral for large values of the argument to the expansion 
(4.1.12) which is convergent. Indeed the expansion 


») . 
(3.9.10) ae ae. Jak. 











the even part of which is the expansion (3.9.9), was used by Barkley Rosser for 
the tabulation of the Error Function for complex argument [16].) The Sine and 
Cosine Integrals are given by 
Ci(z) + isi(z) = —(cos z — isin z) 
(3.9.11) 1 - r 
\zg+1—-%2#+2— z+rt+i- 
The Fresnel Integrals 
(3.9.12) C(z) = (2x) “i t" costdt,  S(z) = (2x) A t*” sin ¢ dt 
0 0 


may be computed by writing 

(3.9.13) C(z) = 4 — (24)? C(z, 3) S(z) = 3 — (24)? S(z, 3) 
where 

C(z, 4) — iS(z, $) 


. ° 1/: 
= (sin z — 27 cos 2)2 
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4. The Padé Table. The remarks contained in §2 indicate that the upper half 
of the Padé Table may be constructed by methods described for the construction 
of the H-array. 

It would appear, since the system of orthogonal polynomials p‘”’(z) does not 
exist for negative values of m, that the use of the results in the theory of orthogonal 
polynomials as described, for the purpose of constructing the lower half of the 
Padé table, is not possible. Nevertheless, if the first three polynomials can be de- 
termined in some other way, the sequence may be continued by use of the results 
as described, since the unknown quantities 65”, 8i"”, --- , B&R_1, as”, ai”, ---, 
a‘ where m is negative, disappear from the resulting computations. 

In terms of g-d scheme, as defined by equations (3.3.7), (3.3.8), the rational 
expressions 


Uo,m—1(2) Uom(x) Ui. m(x) U1 m41(2) a 
Vo.m—1(2) ” Vo.m(x) ” Vim(x) ’ Vi msi(Z) ” 


are the successive convergents of the continued fraction 











m—1 c 2” qx er qs” x esx 
41 nat emt Ta Kg Le ze 
(4.1) ge? +t > FT - TT. 


while the rational expressions 


Uo. m—1(2) U1 m(x) Uem4i(x) 








Vo,m—1(2) . Vasl® ; Vo,m41(X) ’ 
are the successive convergents of the even part of expansion (4.1), namely, 
- . . 
¥ . + Cm a ey” qi” x 
Cod (m) (m) (m) 
(4 2) s=0 1— = os 1— (qe + e a ee 


(m)_ (m) 2 


Cr Gr _ 
1 — (gti t+ e;”)x— 


If the series }-%o d,x* is derived by means of the relation 


(4.3) (> Ge r) ( d, “) = |] 
s=0 s=0 


and the quantities derived by applying the relationships of the q-d algorithm to 
the quantities d,, s = 0, 1,---, are denoted by g‘”’, eS”, then the 
rational functions 

Um-1,0(2) Umo(2) Uma(z) l m-+1,1(2) — 

Vin—1,0(2) ’ Vimo(2) ’ Vima(a) ’ Vim4t.1(X) ” 


are the successive convergents of the continued fraction 

















1 dat” Qi” rey” rq, Les” zx 
(4.4) < — + ge ee Me oe a 
do + dix + doa? + --- + dyna” l1- 1—- 1- 1- 1l- 
If the quantities d, , s = 0, 1, --- , defined by equation (4.3) are required in isola- 


tion, they are most efficiently derived by solving the scheme 


s=r 


fq r=0 
> d,¢,-. = \o , 


s=0 


If, 
col 
(ue 
(4 


an 


(4 





L- 
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If, however, che quantities g,°”, e,°”’ are also required, some economy in the 
computation may be achieved by use of a result in the theory of continued fractions 
[16], (2, p. 332], namely that if 


(0) (0) (0) 








C x 

(4.5) B(x) = = += — z sien 
and 

‘a do ge'x e's g's eo” 
(4.6) wun = & Fete eLe, 
then 

- db=a', og =-—H", |” =m” +4”, 

(4.7) e,' 0g, = @,%q%, , eo, + qo =, +o, — 


In the determination of the quantities g,“"’, e,“” the g-d scheme is built up from 
left to right by means of the q-d lationship (3.3.7) and (3. 3.8), while in the 
determination of the quantities q,‘”” , , the diagonal g,”', e®’, g’, e.”, - 
is determined by equations (4.7), and ‘tee od relationships are used to build up the 
q-d scheme from right to left. 
It is to be atc that the recursion formulas between the systems of func- 
tions r,‘”(z), ™(z) are complemented by recursions between the polynomials 
Un Ad), ¥, wei pore in the Padé table. Indeed Frobenius [17] has given such 
a system of recursion formulas. Adopting his notation, write 





Cu—v41 Cup 42 eee Cs 
(4.8) G.» = S-o1 Coot oes Cott | 
Cu Cutt °° Gece 
st Gee °°" Cy Oped + Cpe gf” + --- 
(4.9) — Cov Crs id Cutt Cyt” + ca Tisiand 
| Cutt Cute "8 Cute Coe + C12" +--- 
Cu—v41 Cu—v 42 sas Cy 2’ | 
(4.10) S.. = oree Sonos sie Cutt 2” "| 
in onc + er, 68 
so that 
(4.11) Cu» = H®,., 
(4.12) Mall.» — Too * Gecond’™™ + --- 
4.13) T.. = Us.r(2)ep41.» 
(4.14) a oe ee 


He then gives the following system of homogeneous recursion formulas, where 
R,.» is taken to mean either S,., or T,., 
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(4.15) Cp4t,eltp—i.e — Cpx4ihts. i = - 
(4.16) Cyvstlentia — Corrclenost = Cpri94itline 
(4.17) ae ae ad Cp sltesi.0 = ee 
(4.18) Cystine = Cyslbnesd = Cp43.9418lip-i1 
(4.19) Caries — (saterrs + GS?) 


r Ras + Cost sOpitostlns , = 0 


9 ae ee eee — (Cyy4iCy4iy — CyvCy41,r4170 ) 
(4.20) 
“4 | + Cr cstnst psatle.ss = 0 


9 
ge ae ee i Ca Se eee + (Cy 41.¥42Cp v1 itil Cy42,v+2Cp—1,») 2} 


i Rs + 41.0448 Re — 1 = 0. 


(4.21) 


Equation (4.19) is a three term linear homogeneous recursion between the numera- 
tors and denominators of constituents of the Padé table lying in the same row, 
equation (4.20) another such relating to a column. Equation (4.21) relates numera- 
tors and denominators of constituents in the Padé table lying along a diagonal. 

It will immediately be realized that the triplets of equations (3.4.1), (3.4.5) 
and (4.17); (3.4.2), (3.4.6) and (4.18) ; (3.4.8), (3.4.10) and (4.19) ; (3.4.7), (3.4.9) 
and (4.20); (3.1.16), (3.1.18), and (4.21) are identical. Frobenius also gives a 
further system of inhomogeneous recursions, which do not seem to have immediate 
practical application. The function 


Unrest) Vaal) Ural) 
Vo,m—1(2) : Vo wit) : Vi .m(2) , 








may also be formed by applying the Euler-Minding relations to the continued 
fraction 





m-—1 c 2” oe” x ey ai™ 1 ms 

DY; x rn 1 @%@y fd ZCr F£ 
(4.22) er er By RO m4 ee 

2=0 l1-—- 1-1- l1- 1- 


in direct analogy to the process preceding equation (3.5.4): further, the functions 


m—1 m 








U, m—14r(2) i. at &. 24 8 qr x 

(4.23) pi ee ed 4 eet Sy... 

¥ +ndsee) 2, + 1 = 1 = 1 = 1 
and 
(4.24) Ur smtr(&) _ bs cat one HE ga ef” x 

st Sere C s=0 aii ] _ 1 — l ad l —_ l 

may be built up from the non-linear recursions 

~- ay a2 an 
(4.25 C, = b onnorenni ly Mumia? tae 

) . + by + be + bn 
(4.26) Aok,  Awhn+ S D, = C.. 


Di . 


The same remarks apply, of course, to the continued fraction 


; 


ae ae 





ite 


ed 


ns 
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m—1 


sad d,.2"  qi”’x em x ¢ ‘2 es””’x 
(4.27) > 22° + —— Wey fe he 
ro i= I= i-~ i= t= 


the functions computed from (4.27) being the sequence 


V m—1,0(2) Vin.o(2) Vina(x) 





Unso(t)’ Unolt)’ Unalx)’ 
The €-algorithm may also be used to construct the Padé table: the partial sums 
a c.z* r = 0, 1, --- are placed in the leading column, the quantities (c,2’)™ 
r = 1, 2,--- in the second, and the €-algorithm relationships (3.8.1) applied. 
The functions 


Uo,.(x) U;.,(2) U2,.(x) 
Vo.s(x) ’ Vi,.(z)’ V2..(x)’ 
then appear in the first, third, fifth and further columns respectively; the array 
must thus be transposed about the leading diagonal if the notation employed in 
the description of the Padé table is correctly to be observed. The remainder of the 
Padé table may be computed by applying the same process to the series }~~_ d,.’ 
it being necessary subsequently to invert the entries in the first, third, fifth and 
further columns which remain however in their correct position. The entries in the 
principal diagonal will in this way have been computed twice, the two sets of results 
should of course agree. 
It is not necessary to compute the partial sums of the inverse series }~,2» d,.’, 
defined by (2.12), in order to construct the whole Padé table by means of the 
-algorithm. In the notation of the © -array one adds the boundary values €»,°“""’ = 
0, and this enables both halves of the Padé table to be constructed. (See P. Wy NN, 
“Te-algoritmo e la tavola Padé,” to appear.) 


4.1 Example: The Incomplete Beta Function 


An example which may be used to illustrate the theory relating to the Padé 
table is provided by the series 

















. a ala + lar 
(4.1.1 oFi(1,a;ce;2) =1+-2+ 4+... 
) . , c e(e + 1) 
The initial members of the Padé table for this function are given in Table 3 
TABLE 3 
a _? a(a + 1) " 
l ‘+s i+ 7 *#t+ aed * 

l(a — c) 2(a — c) la(a — c) : 
eo hn , e(e + 1) diel cle +2)" + ee+ e+ 
1-2 ,-@t), _ (a+ 2) 

ce” (e+ 1) (c + 2) 
a 2(@ + 2) 
I+ ie ~ (+3) 
1+ {(a — - e)(e +2) — (a+ 1)c? = 2(a —c — che —ec — 1)z? 
1 lee + 1)(e + 2) Beil _efe + 1)(c + 2)(e + 3) 
= 9 | 9, 9 
“A a, 4 aa- = ¢) 1s 2(a + 1) x a(a +1) P 2a+2 lat (a+1)(a@+2) , 


c c2(c + 1) in (c + 2) e+1)(e+ +2)" (c +3) (c + 2)(c + 3) 
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As is easily verified, the g-d tableau relating to the series (4.1.1) is given in Table 4. 




















TABLE 4 
ro oo a” ” ae e™ 
a 
c 
l(c — a) 
e(c + 1) 
(a + 1) (a + l)c 
(c + 2) (c + 1)(c + 2) 
l(c — a) ° 
(c + 1)(c + 2) . 
(a + 2) (a + 2)(c + 1) (a+r—1)\(c+r-— 2) 
(c + 2) (c + 2)(c + 3) (ce + 2r — 3)(c + 2r — 2) 
l(c — a) “ie: re —a+r—1) 
(c + 2)(c + 3) . (c + 2r — 2c + 2r —1)°-, 
(a + 3) : (a + 3)(c + 2) (a+r\e+r—1) 





(c + 3) 7 (ce + 3)(e + 4) (ce + 2r — 2)(c + 2r — 1) 
: : : 44-73 
(c + 2r — 1)(c + 2r) 








More generally 
(my) _ (at+r+m— 1)(e+r+m-— 2) 
: (c + 2r + m — 3)(c + 2r + m — 2)’ 


e™ Pr r(c—a+r-—l1) ue 
"(e+ 2r + m — 2)(c + 2r + m — 1) 


from which follows the continued fraction expansion 





(4.1.2) 








c(ee+1)-e+r—-1) east netr—D * 
(4.1.3) + Met Dla) gon 1 Wee 16K ee 


c(e + 1)---(¢e + m) l—c+m—c+m+l1— 


.., Gatmtr(c+m+r—ija(r+i(c—atnrr 
e+ m + 2r — e+m+2r+1— : 





14 raat D---(@t+r-1) rape eet)---@tr=1) : 











The continued fraction 








2. ax 1(c —a)z (a+ 1l)ex2(ec —a+1)z 
I—-c—c+1— 2— 3- 
(4.14) c c e+ c+ 
.., atrle+r—Ve(r+i(e-—atnrr 
e+2r+2- e+2r+2- 


which corresponds to (4.1.3) with m = 0, was used by Miiller [18] in the prepara- 
tion of a short table of the Incomplete Beta Function. When a = 1, c = 2, and zis 
replaced by —-2z, (4.1.4) reduces to the well known expansion 


5 ~t Veet re re. 
(4.1.5) log (1 + 2) = (5534 44 Opt HIE 


THE RATIONAL APPROXIMATION OF FUNCTIONS 169 


Table 3 becomes in this case (numerical values for z = 1 are appended) as shown 
in Table 5. 








TaBLe 5 
1 | 1— 42 | 1-iz+42* | 1.0 0.5 0.833333 
u | 1+iz 1 + jz — 342° 
ite | ite | ite 0.6 | 0.7 0.690476 
1 I+4r | 1+ gor + wor* | 








| 

| 
iS | tet | ttetae 0.705882 | 0.692308 | 0.693333 
| 


log. 2 = 0.693147--- 








When a = 3, c = $ and z is replaced by —2’, there follows 


z la? 4-1°2? 372° 4-2°2” (2r + 1)*x* 4(r + 1)*2” _ 


14+34+5+74+ 9+ #4&r+3+ 4745+ 


Replacing z by x/a in (4.1.4) and letting a tend to infinity, there follows the con- 
tinued fraction expansion. 


(4.1.6) aretanz = 











i a Se ae rz (e+r—1)z 
etet+il—e+2+4+¢e¢+3- e+2r—1— c+2r+ 


of the incomplete gamma function 


(41.7) -— 





z= 
~ —ty-1 
cx “e* [ et dt 
0 


suitable for small values of x. The initial members of the Padé table for this series 
are shown in Table 6. 





























TaBLe 6 
z zx? 
' : tet cet 
xr 2 z 
1 1+ G+ | + ea" * e+e +D 
Zz zr = 
~é '~ €F1 1 €F9) 
(e—2) | ,_ fe-3 : 2 
1 ~ ee +2)" . cle 43) + de + Ile + DC+3)* 
xz z? 2 z? 2 z? 
—etaesn| '—~@4+o7t e+ DE FD 1— Gy 7t+ es deFD 








When c = 3, and z is replaced by 2° in (4.1.7), there follows the continued fraction 
expansion 

_2{ 1 22° 42” 62° | 
4.1.8 nal ee 
a8) weics Cc? ci ca 


of the error function 
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erf (2x) -[ e” dt 
0 


due to Laplace [19], which was used by Sheppard for the computation of the British 
Association tables [20] of the error function. When c = 1, (4.1.7) gives the well 
known expansion of the exponential function 


x x s me Ze rx rx 
4.19 " ile ls ee a ee a aie eS: 
( ) exp (2) 1-—-2+3-4+5- 2r/+ 2r+i1- 


and Table 6 is replaced by (numerical values for x = 1 being appended) Table 6a. 


TABLE 6a 


| 2 





No 











1 | +e | l+z+2 | 10 | 20 | 25 
: 
| se 2 zx > > 75 
' | L+s | i++ 2 3.0 | 2.75 
l—2zx z £ 
| v s,28 
1+ 1424. 20 | 2 2.714 286 
_- +; | +5+% 6 | 2.714 286 
ert | tte | gedaan exp (1) = 2.718 282 
ait Te in a ;*s ee 





By replacing —2° by ix in (4.1.8) the Fresnel integrals 
(4.1.10) C(x) = (2n)*” [ t*" costdt and S(x) = (24) s t'” sin t dt 
0 0 


may be computed at one blow by evaluating the real and imaginary parts of the 
expansion 


wy om (1 Qiv 4ix Giz \ 
4.1.11) CC: [S(z) =(-) 2°” (cos z + ¢é sin x) { —— — — ——---- 
( ) Cla) + i8(x) (?) c wes + ides) set } 
Further, by writing x° for —2° in (4.1.8) there follows the expansion of Dawson’s 
integral 


(4.1.12) [ fas ates 2x! 4c 62" | 
0 e 





Explicit formulas for the rational approximations corresponding to the functions 
(3.9.6), (4.1.4) and (4.1.7) are given by Luke [21]. 


5. Series with Hadamard Gaps. It has been tacitly assumed throughout that 
none of the Hankel determinants H,“’, defined by equation (2-4), involving the 
coefficients in the power series 


B(x) = Diez and F(z) 


s=0 


Il 
[Ms 
is) 
% 
x 


* 
ll 
— 
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vanishes. If this condition is not fulfilled, certain formal difficulties exist in the 
methods described in this paper, though straight-forward appeal to the set of equa- 
tions (2.3) may be sufficient to determine certain of the rational quotients. A feature 
of the Padé table derived for series of this kind is that there are blocks containing 
the rational functions lying in and upon the rectangle at whose corners stand the 
quotients 

{ poz) l l ppn.eAZ) l ‘prtn(a) l ‘ptm.rtn(t) 


AO” SA (ORE a eee Vetcuielll 








which, due to cancellation of polynomial factors, contain only the quotient 
U,»(2)/V,.(x2). The continued fractions whose successive convergents are the 
distinct quotients lying upon a diagonal in the Padé table are of the form 
in nA 
(4.5.1) > es Se 
i+ 1+ 
where a , a2, --- are positive integers. A general theory of such continued frae- 
tions and of the resulting rational approximations is not yet available, though 
Wall [3, p. 399] gives a comprehensive survey of work which has been done upon 
this problem, and makes a number of interesting conjectures. 
It is to be expected that numerical experience obtained in the use of rational 
approximation formulas will point the way to further theoretical developments. 


6. The Efficiency of Various Methods of Obtaining Rational Approximations. 
The process of obtaining rational approximations to a function formally defined 
by a power series expansion may be regarded as one solution to the problem of ob- 
taining information about the functions 


x 


x 
F 8 ’ s—1 
B(x) = Doe.2” or F(z) = Di egz 
s=0 s-=() 

from the finite set of coefficients c, s = 0,1, --- , v, where, for convenience in the 
ensuing discussion, v is taken to be 2n — 1. Numerical experience supports the 
assertion, as does reference to Tables 3, 5 and 7 in the case of particular examples, 
that in general, of those rational expressions U,,(x7)/V,,(x) or E,”’(z) which 


may be obtained from the set of coefficients c, s = 0, 1,---,2n — 1, (namely 
those entries in the Padé table lying upon and in the triangle 

Uo (x 

Vow ) vy = 0,1,---,2n —1, 

| 0.»(x) 
U,0(x) pont sit) 


pw = 0,1, ---,2n —1, »=0,1,---,2n —1, 


Us 
Vy,0(2) Von y 1»(2%) 
and those entries in the E-array which lie in and upon the triangle whose vertices 
coincide with the functions Ey’(z), E,(z), Eo°”(z),) the expressions which 
contain the most information about the function 8(x) or F(z), or more precisely, 
for prescribed x or z the expressions for which 


| U,.»(x) a 
| Vu»(2) 


B(x)| or | F(z) — BE; ”’(2)| 
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are a minimum, are givenbyy+1l=v=n or »=v+1 = n, or bym = 0, 
r=n. 

A comparison of the methods devised from results contained in the theoretical 
part of this paper, which is meaningful in a practical context, may thus be made 
by contrasting the numbers and types of arithmetic operations needed to compute 
(versing the discussion in terms of the E-array for convenience) 





0.” (z) 
I. the function Ta} 
p;” (z) 
0.” (z) 
II. the sequence of functions —_-— me ],--+,m 
p;”’(z) 
ee) 
III. the complete array of functions ——~— = 1.2,---,n; 
p;” (2) 
m= 0, ---,2n — 2r 


The remarks contained in sections 2 and 3 indicate that in general any conclusions 
arrived at relating to methods for the construction of the E-array apply with equal 
force to the construction of the Padé table. 

In this comparison, which is about to be made, a further distinction will be 
drawn between the processes of deriving explicit formulas for the rational functions, 
and that of computing the values of these functions for some prescribed values of 
the argument, as would be required, for example, in an initial exploratory study. 
It is quite clear that in many cases the techniques employed in these two processes 
will differ, and that considerable saving of computational effort may follow from 
the foreknowledge that numerical values of the various expressions for a single 
value of the argument are to be required. For example, assuming a,‘”’, 6°"; to be 
given, the computation of the coefficients in the polynomial p{7}(z) from the re- 
cursion 


(6.1) peri(z) = (2 — a,” ) pp,” (z) — B&%(z) 


requires 2r — 1 multiplications and 2r — 1 subtractions, whereas if the polynomials 
(m) . e,° ° ° 

p. (z) are regarded as numerical quantities, the recursion (6.1) involves merely 

2 subtractions and 2 multiplications. A distinction of a more subtle kind is indi- 


cated by the two recursions 


(6.2) p”(z) = zprt? — 9)” pi"i(z) 
ea) pi™*?(2) = pe (2) — &™pitt” (2). 


For numerical values of z, the second is to be preferred to the first for the computa- 
tion of the polynomials p,‘”’(z) since only one multiplication is required (the 
polynomials p,°’(z) r = 1, 2, --- , m must, of course, be computed previously to 
the computation of p,‘”’(z), either by use of (6.1) with m = 0, or by judiciously 
timed application of (6.2) with m = 0). With regard to the computation of the 
coefficients in the polynomial however, the first is to be preferred, since multiplica- 
tion by z corresponds only to the shift of the coefficients vector 


.(m+1) ), (m+1) (m+) 
(kratr— ’ Krair—2 ne 7 K-10 ) 


and the recursion itself is applicable throughout the whole range of m and r under 
consideration. 
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Any feasible method for constructing the rational functions E,‘”(z) directly 
from the coefficients c, s = 0, 1, --- may be regarded as proceeding in a number 
of stages, each of which incorporates a result described earlier in this paper. A 
systematic study of feasible methods for deriving rational approximaticns may 
thus be conducted by describing each of these stages in terms of the numbers and 
types of arithmetic operations involved and, subsequently, designing the methods 
by combining suitable steps. The arithmetic operations involved in each method 
may be assessed by adding together those involved in the composite stages, and a 
comparison of the methods thus be made. 

The following notations will be used: 


for the vectors: 





(6.4) pi? = (ED, ES, --- , BD) 
(6.5) 0, = (jira, jira, *** sje) 
| (6.6) fy" om (Crees » Sasse-ty *** ston) 
; (6.7) o°™ as (Gn, Cntas *** » Cure) 
(6.8) i. = (diva, dive2,--> dine 
(6.9) a2” = (di. , dia, ---, dine 
s | (6.10) en" = (ens, Caray °°» Ga) 
: | (6.11) or a OF a... 
€ for the matrices: 
P Cn Cm+1 -** Cmte 
(6.12) oe." * Se 
ls Cmtr Cmtr4t °° Cmp2r 
y 1 0 --- O 
, (6.13) H’” = ol oo . 
nim nen an 1, 
1 0 0 
™ (6.14) K™” = ~s : . 
re i Km ne i 
to 
ly The matrix 
he a G 43 
all _— 0 a a 
| (6.15) 0 0 - 
ler possessing i rows and j columns, derived from the vector a = (@:,@2,°--, ) 


where a, = 0, s > k, will be denoted by [a:]:,;. The extended vectors (0. ° 
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@,@2,-°**, a) and (a, a2, --- ,a,,0, --- ,0) each possessing t elements, will 
be denoted by (0, --- , 0, a), and (a ,0,--- , 0), respectively. 
The stages are as follows: 





I. Formation of the quantities q,°"" r = 1, 2,---,n;m =0,1,---, 
) ‘ , 
Qn — 2r, ce,” r=0,1,---,n—1;m=0,1,---,2n — 2r—1, 
by means of the relations 
) (m) 
eo” =0 gn” = Cm4i/Cm 
(m) (m) (m+1) (m+1) 
qr iy + er = qr re + is 
(m)_ (m) (m+1)_ (m+1) 
Qr+1€r = Or er 
“ *,° ) rs ¢ 
II. Formation of the quantities a,°”, BS} m = 0,---, 2n — 2r from 
the relations 
( (m) ( 
an” = ef” + git r=0,1,---,n-1 
(m) (m)_ (m) ‘ 
B, = €r419r4+1 r=0,1,---,n-—2 
: +s —1 _-2 2 
III. Generation of the quantities 2", z “, aie 
IV. Generation of the quantities c,z" r=0,---,2n—1 
| , , 
r . o,° —r—1 nll gu 
V. Generation of the quantities cz", aes 
r,m=0,---,2n —1 
+ “4: 7 ) = —8s— 
VI. From the boundary conditions | (s) = a“ 
7 (0) ) +1 —1 ¢ 
m = 1,--:,2n; Eo” = 0, EX? (z) = 2" en m=0,---,2n —1, 
: ne (m) ‘ 
the formation of the quantities E,”’(z) m = 0,---,2n — 2r and 
°,° +(m) ¢ ‘ : 
the quantities ES) 2(z) m = 0,--:-, 2n — 2r — 1, by means of 
the recursions 
sm) 7.) _ zx(m+1) 1 i . 
Eyyij2(z) = Esti (2) +e (mD(2) — B,™ (2) s = 2,1, »n— 2 
Ty ‘% . *,* 0 
VII. Generation of the quantities z — a,” r= 0,---,n—1 
rT . *,* ) 
VIII. Generation of the quantities z — a,” 
m= 0,---,2n — 2r;r =0,---,n—1 


IX. Generation of the quantities p,°(z) from 


pevi(z) = (2 — a-”)p,(z) — Berpir(z) 

r=1,---,n-1, po (z) = 1, pe (z) =z—q™. 
X. Generation of the quantities o,°(z) from 

of (z) = ( — ar” Jo,” (z) = (0521 (z) 

r=i1,---,2-—1, 00” (z) = @, a” = & 
XI. Generation of the quantities p,°(z) r = 2,---,n from 
p,” (z) Bo. 2p?s(z) x ge ps (2) 
XII. Generation of the quantities p,“"*” (z) from 


Pe"? (2) = pz) — oF pS (2) 


r=1,---,n—1; m=0,---,2n—2r—1 




















XII. 


XIV. 


XV. 
XVI. 
XVII. 
XVIII. 


XIX. 
XX. 


XXII. 
XXII. 


XXII. 


XXIV 
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Generation of the quantities r,°(z) from 
1 
(z) = ars(z) — 


Generation of the quantities r, 


. . 6.5 0 
The single division 0, (z)/p,(z). 
ee ci) 
The divisions 0,°’ (z)/p,°(z) 
n ee. ) / (m 
The divisions r,‘"’(z)/p,'”’ (z) 


é : 0 ' 
Computation of ———~ = =, where a; = 34, = — B,-2 
Pr 


The use of XVIII. when r 
Computation of 





where bp = b De 


Bun @ &.. > te 


-,n—I1;m = 1,---,2n — 2r. 
Computation of the products 85 
Computation of the products z” ¢mBo”” --- 


Computation of the 


. Computation of the 


(m) (m) 
te Cm Bo ink --Be-s 


pi@}(z)p.™ (2) 








XXV. Computation of p,‘” from po” = (1); p:’” = (1, — 
(0, 0, pr) +2 





ad 0),42 _ a,” (0, —_" 
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XXVI. 
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XXV form = 0,2,--- ,2n — 2;r = 1,2,---,n — (m/2):m = 1,3,---, 
2n — 3;r = 1,2,---,n — (m+ 1)/2 


XXVII. Computation of 0,” from oo” = 0; 0° = (ce) 
of, = (0,”, Ora — a" (0, 0.” rar — BO%(0, 0, Of%s) eas 
r=il,---,n—] | 
XXVIII. Computationofp,° r= 1, --- ,nfrom po” = (1);p:° = (1, — a/e) 
Prt = (Pr, O)r42 — ar (0, Pe” )ra2 — Brr(0, 0, pir) 42 
XXIX. Gauss-Banachiewicz decomposition of the matrix C,° 


(0) (0) (0) (0)T 
C,, = H,, D, H,, 


r *,¢ . ( 
XXX. Decomposition of the matrices C,"" m = 0,---, 2n — 4; 
r=n— 2mn — 2m+1 
e,e 0) . 
XXXI. Recovery of the quantities Bf, r = 1,---,n — 1 from D,” by 
means of the relations 
0) (0) 
(0) _ & Bo ++ *Br—1 
ey Bo + = BO, f 
sy: ( 
XXXII. Recovery of the quantitiesa,”” r=0,...,n —1fromH,” by means 
of the relations 
(0) (0) (0) (0) (0) 
a; = Rent aa hrva.r ao —_ —hio 
- ° — (m 
XXXIII. Computation of the quantities a,"” r=0,---,n—1;m=0,-:-, j 
2n — 2r; B,’” r= 0,---,n — 2;m = 0,---,2n — 2r — 1 from 
) . ° 
H,’” and D,‘” by means of the relationships 
(m) (m) 
j=) h™ h™ (m) __ Cn Bo ar ‘Bri 
a, = Mr — Nrtir mia °° =~ 
Cus Bo 7° +BY") 
XXXIV. Computation of the quantities g°" r = 1,---,n;m = 0,---, 
4 1 q 
2n — 2r; &@ ” r=1,---,n—1;m =0,---, 2n — 2r — 1 from 
(m) (m) (m) (m) (m) (m) 
Qr41 = & “— er , er “= Bri /Qr " 
. ‘ 0 P . 0) 
XXXV. Computation of the matrix K,° by inversion of H,,‘ 
(0) (0) 
a,x. =I 
XXXVI. Computation of the matrices K,‘” by inversion of the matrices H,‘" 
( ' 
H,’”K,”” =I r= 2,--+,n;m = 2n — 2r, 2n — 2r — 1 
, b ] , ’ 
° ° ° ° ° ° 2n-—2 (2n—3) 
in conjunction with the independent formation of p:°""”: and pi 
XXXVII. Computation of the quantities g,""" r = 1,---,n; m = 0,-:-, 
2n — 2r from the relations 
(m) (m) (m) 
qr ~ = es — Kips 
XXXVIII. Computation of p,“°” r= 1,---,n;m = 0,--- ,2n — 2r from the 
>] ’ 
recursion 


a = ort", 0) p44 — qr” (0, Be) ras a” = (1, —qu” ) 


ins 


m 


om 


the 


XXXIX. 


XLI. 


XLII. 


XLII. 


XLIV. 


XLV. 


XLVI. 


XLVII. 
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. ( ‘ ‘ 
Computation of r," r= 1,---,n;m = 0,---,2n — 2r from the 
recursion 


got —@¢"(@, f3)e0-4 
ro” = co”, m=1,---,2n —2r;m” =0 
. Computation of 0,” r= 1,---,n;m = 0,---,2n — 2r from the 
recursion 
o,” = copii + (0, off"), — ¢"(0,0')), oi” = cn 
Computation of r,°" r= 1,---,n;m=0,--- , 2n — 2r from 
ro” = pe [en abesamsr + (0, --- , 0, OF”) mor 
Computation of o, from 
On” = pa ee alesis 
Computation of o0,° r= 1,---,n from 
ee a | 
Computation of r,°"”  r = 1,---,n — 1;m = 1,--- ,2n — 2r from 
i," = a 


(0) 


Computation of r, r= 1,---,nfrom 


a ose) ee ._ = p’.{r,° eg 


. . ( ) € ‘ 
Determination of r-™ r= 1,---,n—1;m =1,--- ,2n — 2r from 


= 


(m) (m) (m) 
eae r+l1,.m+r = p,—ilt, See 
. . 0) 0 0)’ 0) 
The determination of the vectors d\”, = o,, d\’. =p, from the 


recursions 
di = (622) di =(1,-a@,) @& = p@_4a%.,, 
ee = (.., 0).41 — an_.(0, "=e + (0, 0, Gores) e+ 
s=2,---,n; Bo =a 


XLVIII. The determination of the vectors d@,,, = of, de, = pi, 


XLIX. 


n-—-T > 

r = 0,---,n — 1 from the recursions 
a (0) (0)" (@) (0) (0) (0) 
= (Bars) &, = ¢¥ —~An—r— 1) rrt+s3 = a + r+s- 


(0)’ (0) (0)* (0 
dents = (di, r+s—l1 >» 0) .42 — Qa—r—s—1 (0, en )e+2 + (0, 0, Ae 1 eae 


(0) 
r=0,---,n—1l;s=1,---,n—Tr; Bi = &% 


. . (m m)* 
The determination of the vectors d"’ = 0,‘”, d)"’ = p,“” from the 
recursions 
a‘ =) (m) (m)’ (m) (m) (m) (m)’ 
> = (B,-,-2) +" = ( i, —a,_r-1) Gote = = ; 
(m)’ (m)’ (m) (m) . 
Girte = (dpr+e-1 > 0) +42 bo a, —r—»-1(0, a‘ ~ TA + (0, 0, d;, r+s— 1) 0+2 


(m) 


—1 = Cm 
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m 
m = 0,2,--- ,2n — 2, y=n—-s r=0,---,vy—1, 
‘ (m+ 1) 
m= 1,3, --- ,2n —1, y=n— — r=0,---,y~—1, 
g=i,- »y—-r 
L. Determination of Pri r=0,---,n—1;m=0,--- ,2n — 2r — 2, 
from 
n+1) (m) (m+1) ,\—1 +1) = 
Pri. [Prsilrrse = (€rar ) {(er” 5 O)r4s — (0,8, ” )r4a} 
and of  ” r=0,---,n—1;m =0,---,2n — 2r — 1 from 
( +1) m) -(m+1)\—1 m+ m 
. (O, eri» O)orga + (kro tro) Pr [Pr ” dr4t.2r4s 
with _ - ci. Cost} Cad, 2” = (Cay —1 2 
\ . . )) 
LI. Construction of the vector z,,“ 
> . 0) . (0) 0 (0) T 
LII. Computation of p,’(z) from p,“’(z) = Pr Zn 
‘ 0 . 0) r (0)T 
LIII. Computation of 0,” (z) from 0," (z) = On, Zn—1 
yr . . 0 . 0) ) 0)7 
LIV. Computation of p,“’(z) r= 1,---,n from p, (z) = p, 2, 
. . (0) . (0) ( ( 
LV. Computation of 0,“’(z) r= 1,---,nfromo,(z) = 0,°"Z," 
LVI. Construction of the vector z3,,” 
LVII. Computation of p,“"’(z) r= 1,-+-,n;m = 0,---, 2n — 2r from 
(m) (m) (0) T 
Dr m (z) _ P; m Z, 
LVIII. Computation of 7,°"(z) r= 1,---,n;m = 0,---,2n — 2r from 


, im) (m) (—m)T 


ry (z) = I; Zm+r—1 


The types and numbers of arithmetic operations required in the performance of each 
of the stages described are given in Table 7. 


TABLE 7 











Multiplication Division Addition Subtraction Add. + Sub 
I. | n? —2n +1 n? n? — 3n +2 n2—n 2n? — 4n + 2 
II.|n-—1 n—1 n—-1 
III. | 2n — 1 1 
IV. | 2n — 1 1 
V. | 2n 2n — 1 2n — 1 
VI. 2n? ++ n 2n? — n 2n? — n 4n? — 2n 
Vil. n n 
VIII. | n? n 
IX. | 2n — 3 n—1 n—1 
X. | 2n — 3 n—2 n—2 
XI. | 2n — 2 n—2 n—2 
XII. | n? — 3n + 2 n?—n+1 n2?—n+1 
XIII. | 2n — 2 n—- n— 1 
XIV. | n?—7n n2—n n?—n 
PF 1 
Vi. n 
av. 2n2 — n 
XVIII. n—1 n n 
XIX. 3(n? — n) $(n? + n) $(n? + n) 
XX. 4(n3— n) 4(n — n) 4(n? — n) 
XXI. | n- 1 
XXII. | n? — 3n + 2 
n—1 


XXIII. | n -— 1 n n—-1 








ym 


ym 


ch 
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TABLE 7—Continued 
Multiplication Division Addition Subtraction Add. + Sub 
XXIV. | n? — 2n +1 n? n? n? 
XXV. | 2n? — 3n + 1 | 2n — 1 n?—n 2n? — 3n + 1 3n? — 4n + 1 
XXVI_. | 3(4n? — 9n? 2n? — 2n 4(2n* — 3n? 4(4n* — Qn? 2n* — 4n? 
+ 8n — 3) +1 + n) + 8n — 3) + 3n -—1 
XXVII. | n? — 2n + 1 n—t1 n? — 3n +2 n? — 2n + 1 
XXVIII. | n? — 2n+ 1 1 n—1 n? — 2n + 1 n?>—n 
XXIX. | §(n? + 6n? 3(n? + n) k(n? + 3n? k(n? + 3n? 
+ 5n) + 2n) + 2n) 
XXX. | sa(n* + 8n §(2n* + 3n? i's (n* s(n‘ 
+ 11n? + 4n) + n) + 4n* + 5n? + 4n* + 5n? 
+ 2n) + 2n) 
XXXI. n—-1 
pears n—1 n—1 
XXXIII. n? n?— 2n+1 n? — 2n + 1 
—2n+1 
XXXIV n?—n n? — 2n + 1 n? — 2n + 1 
XXXV. | §(n3 — n) 3(n* — n) §(n* — n) 
XXXVI. | #s(n* — n?) 2 is(n* — n?) is(n* — n?) 
XXXVILI. | n? — 2n+ 1 n?— 2n + 1 
XXXVIII. | §(2n* — 3n? | §(2n? — 3n? 3(2n? — 3n? 
+n) +n) + n) 
XXXIX. | 3(n* — n) 3(n? — n) $(n* — n) 
XL. | 3(2n? — 3n? $(2n*? + 3n? $(2n* — 3n? 4(2n? — 3n? 
+n) | +n) +n) + n) 
XLI. | 3(n* + n’ | §(n* + n3 dint + n? 
— n* —n) —n?—n — n? — n) 
XLII. | $(n? — n) | 4(n? — n) $(n? — n) 
XLIII. | §(n? — n) | 2(n? — n) i(n? — n) 
XLIV. | i(n* + n® | £(n* — 3n3 i(n* — 3n? 
— n? — n) + 2n?) + 2n? 
XLV. | 3(n* — n) } $(n* — 7n i(n? — n) 3(n* — 4n 
| | + 6) | + 3) 
XLVI. | §(2n* + n’ | #s(3n* + 2n? i's(3n* + 2n3 3(3n* + 2n? 
+ n* — 4n) | | — Qn? + 16n + 3n? — 8n) — 3n? + 4n 
|} — 12) — 6) 
XLVII. | n? — n | 3(n? — 3n 3(n? ++ n — 2) | n?—2n 
+ 2) 
XLVIII. | 3(n* — n) | £(n? — 3n? b(n? + 3n? 4(n? — n) 
| | ++ 2n) — 4n) 
XLIX. | 3(n* — n?) | Js(n* — 8n? Js(n* + 4n® k(n* — 2n3 
+ 23n? — 28n — 7n? + 2n) +8n? 
| | + 12) —13n + 6) 
L. | #s(3n* + 8n' 2n?#—n | is (n* + 4n3 3 (n! i's (3n* 
+ 15n? — 50n — 7n? + 2n) + 6n* — 4n? + 16n* — 15n? 
+ 24) — 9n + 6) — l6n + 12 
LI.| n-1 
LII.| n-1 n n 
LIII. | n — 1 n—1 n—1 
LIV. | 3(n? — n) $(n? + n) $(n*? + n) 
LV. | $(n? — n) 3(n? — n) $(n? — n) 
LVI. | 3n — 2 1 
LVII. | §(2n? — 3n? i (2n* + 3n? §(2n* + 3n? 
+n) + n) + n) 
LVIII. | }(2n* — 3n? 4(2n? — 3n? 4(2n? — 3n? 
a n) + n) 





+ n) 


Since addition and subtraction may be performed with quantities of either sign, 
the distinction between these two operations is somewhat artificial, and in this 
instance a column denoting the joint number of additions and subtractions has been 
added to Table 7. It is assumed that multiplications by zero or unity do not occur, 
and that divisions in which the quotient or divisor is unity also do not occur. The 
sign reversal of a number is also not taken into account. It is further assumed that 





180 P. WYNN 


each of the computations takes place in the most efficient manner possible. For 
example it is assumed that the quantities 


(m) (m) (m) (m) (m)__(m) 
a a “= er vs + gr41 a - Cr419r41 
(6.16) 
r=0,---,n—1;m=1,--- ,2n—2r 
° e . *,° (m) 
are computed in the process of forming the quantities e, r=l,---,rn-1; 
’ p ( ‘ 
m = 0,---,2n — 2r — 1, _ r=1,---,n;m =0,--- ,2n — 2r by means 


of the gq — d algorithm relationships 


(m) (m) (m-+1) ( 1) ) ) 1) 1) 
(6.17) oe” +67 =6¢"" +e =< «a 
so that the formation of the quantities a," r= 0,---,n—1 6” r=0, 
P one ( ) : 
-,n — 2;m = 0,--- , 2n — 2r — 4 from the quantities e,'”’, g,°"” requires only 


a further n — 1 additions and n — 1 multiplications. 

Formulas, the use of which would clearly result in inferior computational 
practice without the existence of compensatory factors, have not been examined. 
For example the vectors r,°" r= 1---,n;m = 0,---,2n — 2r should clearly 


be derived from the recursion 

» ( 1 (n 
(6.18) a a ne - q:‘” (0, gm) Dien 
rather than from the recursion 


» (m) (m) (m) / n) ) 
(6.19 roan = (f,", O)mar — ar” (0, mar — Byn3(0, 0, ri@ 


r—1)m+r 


since the first involves only one scalar multiplication. and the second two. If the 
(m) (m) 


quantities a,’"’, 6"; are available the quantities q,\"’ may recursively be deter- 
mined from them (viz. XXXIV) and if the vectors p,‘” are already to hand, the 
quantities q,‘"” may be derived by (XXXVII). 

Feasible methods of obtaining rational approximations, together with the num- 
ber and type of arithmetic operators involved, now follow (Tables 8-13). 


TABLE 8 


Single Value E‘ (z) 
A: III, V, VI; 

B: I, Hi, Vu, XVIII; 

©: i, i. VIL. IX, X, XV; 

D: 1, tl, Vil, £A. XXI, XXIII; 

E: XXIX, XXXV, XLII, LI, LII, LIII, XV: 








Multiplications Divisions Additions Subtractions Add. + Subs. 
A 4n — 1 | 2n?+n+ 1 2n?7 +n — 1 2n? — n 4n? — 1 
B | n?—n n?—n-—1 n?—n+1 n? 2n?-—n+1 
Cc n+n—3/n?+1 n? — 2n + 1 n? + 2n — 3 2n? — 2 
D |n?+n—2/|n?+n ne—n n?+n-— 1 2n? — 1 
E | 3(2n3 + 9n?| 4(n? + n + 2) | 3(n? + 6n? — n)| 3(2n' 3(n? + 3n? 


| +19n — 18)) + 3n? + n) + 5n — 3) 








Qures 


| xo 


moaQnmy | 


ll anl- > heel oal ctl ad 


— > 


-— st 


as es Gi bees bets ees ee Oe, 
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TaBLe 9 
Diagonal of Values E;°(z) r= 1,---,n 
“y 
c, i, y II, XIX; 
6. 1 VII, IX, X, XVI; 
D: 
H: XXIX, XXXV, XLIII, LI, LIV, LV, XVI: 
Multiplications Divisions Additions Subtractions Adds. + Subs. 
A 4n — 1 | 2In?+n+1 2n? +n —1 | 2n? — n 
F n?—n | $(3n? — 1) 4(3n? — 3n + 2)| n? | son? ~ + 2) 
G n? + 3n — 6 n?+n n?—2n+1 | n? + 2n — 3 | 2n? — 2 
D | n®?*+3n—5 |n?+n | n? — n?+n-—1 | 2n? — 1 


| 4(n® + 3n) 


n 
H | $(n?+4n?+n | 3(n* + 6n? — n) | }(n? + 3n? + n)| 4(n* + 3n*) 
| -—2 | 





none of Values E{” (z) 


r 


0, --- ,n;m=0,--- 


TABLE 10 


, 2n — 2r 











he 


he 

















i I, Il, IV, V, VIII, XX; 
J: I, 1, V, VIII, XI, XII, XXI, XXII, XXIII, XXIV; 
K: I, II, V, XI, XII, XII. XIV, I; 
L: XXX_| XXXVI, XLIV, LVI, LV iL, LV III, XVII; 
Multiplications Divisions | Additions Subtractions Adds. + Subs. 
} 
A |4n-1 | 2n? +n +1 2n? +n — 1 | 2n? —n 4n? — 
[ | n?+2n —1 | $(n? + 3n? $(n* + 3n? | 2n? — n 3(n* + 9n* 
—n-+3) —n) | — 4n) 
J | 3n? — 2n + 1 | QIn?+n+1 | 2n? | 3n? —n —1 5n?§ —n-—1 
Kk | 3n? + 2n — 2 | 3n? —n +1 |n?@—n+1 gn? —n—2 | 4n? — 2n — 1 
I | Js (4n4 | §(2n* + 2in? is (2n* | £(n‘* 3(4n* 
e 20n? + 5n? — 5n + 24) + 4n? + 13n? | + 2n? + 8n? | + 8n* + 29n? 
+ 67n — 24) — 7n + 24) — 5n) — 17n + 12) 
TABLE 11 
Single Rational Function o,: p, 
A’: XXV, XXVII; 
B’: XXV, XLII; 
C’: I, If, XXVIII, XXVIII; 
D’: AXIX, XXXII, XXX, XXVIII, XXVIII; 
E’: XXIX, XXXI, XXXII, XXXV, XXVII; 
# : XXIX, XXXV, XLII; 
: I, I, XXVIII, XLII; 
Hi’ I, If, XXVIII, XLV; 
: i, Eh, eee ees 
Multiplications Divisions Additions Subtractions Adds. + Subs 
A’ 3n? — 5n + 2 2n — 1 n? — 1 3n? — 6n + 3 4n? — 6n + 2 
B’ 4(5n? — 7n + 2) | 2n — 1 3(n? — n) 2n? — 3n + 1 4(7n? — 9n + 2) 
C’ 3n? — 5n + 2 n? + 1 n?— 1 3n? — 6n + 3 ?—6n +2 
D’ | é(n? + 18n? 4(n? + 3n) 2n — 2 (nm? + 15n? k(n? + 15n? 
— 19n + 12) — 22n + 12) — 10n) 
E’ 4(n? + 6n? — 4n | $(n?+3n — 2)i n—- 1 §(2n* + Qn? §(2n* + 9n? 
+ 3) — lln + 6) — 5n) 
F’ §(2n* + 9n? + n); $(n*? + n) 3(n? — n) 4(2n* + 3n? + n)| $(n*? + 3n?— n) 
G’ | $(5n? — 7n + 2) | n? +1 $(n? — n) 2n? — 3n + 1 4(7n? — 9n + 2) 
H’ 4(n? + 6n? n?+ 1 é(n® + 6n? 3(n® + 12n? 3(n*? + Qn? 
— 10n + 3) — 13n + 6) — 19n + 6) — l6n + 6) 
I’ 2n? — 2n n? $(3n? — 7n + 4)| $(3n*? — n — 2) | 3n? — 4n + 1 
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TABLE 12 

Diagonal of Rational Functions 0,: p, r= 1,---,n 

A’: 

J’: XXV, XLII; 

D’: 

E’: 

Bm’: SRI. AEXV, XLIU- 

L’: f, i, SAVE, XLII: 

mn’: 

M’: I, II, XLVIII; 








Multiplications Divisions Additions 
A’ 3n? — 5n + 2 2n — 1 n?— 1 
J’ i(n? + 12n? 2n — 1 i(n? + 6n? 
— 19n + 6) — 7n) 
D’ é(n? + 18n? $(n? + 3n) 2n — 2 
— 19n + 12) 
E’ k(n? + 6n? — 4n | 3(n?+3n—2)| n — 1 


+ 3) 
K’ | $(n3 + 2n? + n) 
L’ z(n? + 12n? 
— 19n + 6) 
H’ 3(n3 + 6n?2 n?+ 1 
— 10n + 3) 
M’ | 3(n3 + 3n? — 4n)! n? 


$(n? + n) 1(n3 — n) 
n?+1 &(m? + 6n?2 

— 13n + 6) 
d(n3? + 6n?2 

— 13n + 6) 
i (n? + 3n? 

— l6n + 12) 





TABLE 13 


Complete Array of Rational Functions r;™:p-™ r= 0, --- 


N’: XXVI, XXXVII, XXXIX; 

O’: XXVI, XXXVII, XL, XLI; 

Pp’: I, XXXVIII, XXXIX; 

Q’: I, XXXVIII, XL, XLI; 

R’: XXX, XXXII, XXXIV, XXXVIII, XXXIX; 


S’: XXX, XXXIII, XXXIV, XXXVIII, XL, XLI; 
T’: XXX, XXXVI, XXXVII, XXXIX; 

U’: XXX, XXXVI, XXXVII, XL, XLI; 

V’: XXX, XXXVI, XLIV; 


W’: XXX, XXXVI, XLVI; 
X’: I, Il, XLIX; 

Y’: XXXVII, L, XXXIX; 
Z’: XXXVII, L, XL, XLI; 





Multiplications Divisions Additions 


N’ | 3(11n3 — 18n? 


2n? — 2n +1 | 3(2n? — 3n? 


+ 13n — 6) + n) 
O’ | §(n* + 9n3 — 19n?| 2n? — 2n + 1| 3(n* + 7n3 
+ 15n — 6) — 10n? + 2n) 
P’ | §(5n* + 3n? n? n? — 3n +2 
— l4n + 6) 
Q’ | é(n* + 7n3 n? k(nt + 3n3 
— 4n? — 10n + 2n? — 18n 
+ 6) + 12) 
R’ | fs(n* + 18n3 6(2n3 + 15n? 
+ 5n?) — 17n + 6) 


S’ | #s(3n4* + 22n3 §(2n3 + 15n? | 3(n* + 3n3 


— 9n? + 8n) — 17n — 4n?) 
+ 12) 
T’ | §(n*+ 7n3 + 5n? | 3(2n3? + 3n? 
— n) +n-+ 12) 





Subtractions 


3n? — 6n + 3 
2n? — 3n + 1 
k(n? + 15n?2 

— 22n + 12) 
§(2n* + 9n? 

— lin + 6) 
$(2n3 + 3n?+ n) 
2n? — 3n + 1 


(n3 + 12n?2 
— 19n + 6) 
i(n? + 9n?2 


— 10n) 


Subtractions 


Adds. + Subs 


4n? — 6n + 2 
(n? + 18n? 

— 25n + 6) 
(mn? + 15n?2 

— 10n) 
§(2n? + Qn? 

— 5n) 

$(n3 + n?) 
i(n? + 18n?2 

— 3ln + 12) 
3(n? + Qn? 

— l6n + 6) 
3(n® + 6n? 

— 13n + 6) 


Adds. + Subs. 





3(11n? — 12n? 
+n) 
2(10n? — 15n? 
+ 5n) 


1(5n3 + 3n?2 — 8n) 


=(n? — n) 


s(n! + 14n8 
+ 23n? — 5On 
+ 24) 

is(n* + 12n8 
4+- 5n? — 18n 
+ 12) 

é(n* + 5n? 
+ 8n? — l4n 
+ 6) 


4(5n? — 6n? + n) 


(n* + 17n3 
— 25n? + 7n) 

2(5n3 + On? 
— 26n + 12) 

(nt + 7n8 


+ 2n? — 22n 
+ 12) 
is(n* + 14n3 
+ 23n? — 5On 
+ 24 


} 
is (3n* + 18n8 
3n? — 18n 
1 


Z 


6) 


6) 
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TABLE 13—Continued 


Multiplications Divisions 


Additions | Subtractions 


U’ | £(2n4 + 9n3 
— 2n? + 3n) 


3(2n3 + 3n? 
+n-+ 12) 


k(n* + 3n3 


— 4n?) — 13n + 6) 


V’ | 3(2n* + 5n3 3(2n3 + 3n? 3(n* — 3n? E(n* + 2n3 
| 6 6 


+ 4n? + n) +n + 12) + 2n?) + 2n? + n) 
W’ | i(3n* + 5n5 §(2n* + 3n? js (3n* + 2n3 js (5n* + 6n* 
| + 6n? — 2n) +n-+ 12) — 9n? + l6n + 7n? — 6n) 
— 12) 
X’ | §(n* + 5n? — Gn) | n? js(n* — Sn 's(n* + 4n 
+ 35n? — 64n + 5n? — 10n) 
+ 36) 


Y’ | #s(3n4 + 14n3 2n? — n fs(n* + 4n? 3(n* + 9n* + 8n? 
+ 15n? — 56n — 7n? + 2n) — 24n + 12) 
+ 24) 


Zz’ i's (5n* + 18n* + n?, 2n? — n 


i's(3n* + 10n* 
— 48n + 24) 


— 15n? + 2n) 


(n* + 8n* — n? 


— 2n + 12) 





3(n* + 7n* + 5n? 
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Adds. + Subs 


3(2n* + 10n? 

+ n* — 13n 

+ 6) 
2(2n* — n? 

+ 4n? + n) 
js(5n* + 6n* 

+ n? + 6n — 6) 


i(n* — 2n? 
+ 20n? — 37n 
+ 18) 

is(3n* + 22n? 
— 9n? — 46n 
+ 24) 

fs(5n* + 26n? 
— 17n? — 38n 
+ 24) 


It appears from Tables 8 to 10 that, in terms of computational effort alone, a single 
entry in the E-array for a fixed value of the argument is most economically com- 


puted by means of the non-linear recursion 


(0) 
a a ae 

z— at”, brs + D, 

Q, = (3, = Bor 38 = 2,---,n3b, =z — ai 38 = 1,---,n 

in conjunction with the q-d algorithm 
(6.21) Pa e% e™ on qa + eat) gies” _ Pte , m+1 
and the numerical formation of the quantities 
(6.22) a =e +q9, Bo = e,%¢,% r=1,---,n—1 


+ (0) 


that a diagonal of quantities E,"’(z) r= 1,--- 


, n is best computed by use of the 


q-d algorithm, the formation of the quantities (6.22), the twin recursions 


— peei(2z) = (2 — ap, (z) — Bor.poOrv(z), or = 1, 
6.2: 
po” (z) = 1, pi” (z) — a” 
of (z) = (2 — a” )0,(z) — Boe 0 (2), r=1,--- 
(6.24) (0) (0) 
O (z) = 0, 01 (2) = co 
and the n divisions 
(6.25) E ad | ) ae o,”’(z) = ae 
9.25 ce (2) = p, (2) r= i, * 


while the complete E-array of numerical values is best computed by evaluating the 


> (m) 


partial sums Eo”’(z) = Dov cz" m = 1,-:: 
= 2"Cm and applying the €-algorithm 


1 
2 OR (m) (m+1) &. 
(626) Ertin(2) = Erin (2) = Fem Bee) "= 


’ 


, 2n, the quantities E17 (z) 
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Tables 11 to 13 show, again in terms of computational effort alone, that the single 


rational expression E,°(z) be best constructed by determining the quantities 
a”, 8, by means of the relationships 


I{t'p, (t)} = coBo” +++ Br 
I{t'*po (t)} sad rs “pik Br ay” 5 ee x a,”} 
in conjunction with the recursion (6.23), and of the vector 0,’ from 
(6.28) On” = paleo ale4i.s 


that the sequence of rational expressions E,°(z) r = 1, --- ,n is best constructed 
by use of relationships (6.27), in conjunction with the recursion (6.23), determining 
the polynomials o,(z) by means of the second recursion (6.24) ; while the complete 
E-array of rational expressions is most efficiently constructed by use of the q-d 
algorithm (6.22), in conjunction with the relationships 


(6.29) pe ™(z) = 2psir(z) — ge pei(z) om" (z) = 2 —- 


(6.27) 


m—1 
(6.30) re" (2) = att? (2) — gM rsthze) «=o (2) = Dae, = mo (z) = 0 
s=0 


Many electronic digital computers are equipped with highly flexible interpretive 
codes which are designed for carrying out standard matrix operations upon arrays 
of numbers. Many of the methods described may be susceptible to the use of such 
a code, and this consideration may cause the preceding judgements to be modified. 
The most suitable method is then largely determined by the exigencies of the par- 
ticular code used. (This explains the presence, in the inquiry, of such methods as 
E, H, and L which would otherwise be rejected outright.) The time taken for the 
operation of such a program may be estimated fromthe data given in the table, 
and a knowledge of the threshold time of each instruction. 
Table 7 does not contain data relating to the direct solution of the equations 


=( 


,(m) m) 
k n,n©Q = Unjm+n—-1 


,(m) (m) _ Am 
ee + Kant — tn,m+n—2 


,(m) ,(m) ,(m) *(m) 
kn.0 Co +}- knacs + Pe 9 + Raval = tn,m-1 


keer + kis + es + hea = 
|. aentennwbemnemesmnian guns se aetinndccings ss 


ken + kr Cm 8: Mnetuen = 0 
kealese-2 + (oo +++ +> breOin et = 0 
kf. = 1; 
the details, of course, depend upon the method chosen for the solution of the 


equations. The solution of the set (6.31) is equivalent to the Gauss-Banachiewicz 
decomposition of the matrix 


(6.32) eo +6". 





wh 


an aia a fee 





le 


the 
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the inversion of the matrix H, to give K,” 

(6.33) H.“K, =I 

and the determination of the vector r,°” from 

(6.34) To me pa esta—theti.mis - 


This method (method V’ above), if the steps involved are already incorporated in 
the interpretive code, is probably the one requiring the fewest instructions, and 
doubtless that consuming the most machine time. 

(It may at first seem a little curious that the set of equations (6.31) does not 
involve the quantity Cm+s2n, Whereas the matrix C,“” does. The quantity Cnn, 
however, only enters into the determination of H,,”” asa scaling factor of the last 
row, and this is removed by imposing the condition that the diagonal elements of 
H,,” are all unity. The quantity c,.42, does not therefore enter into the determi- 
nation of the matrix K,,‘”’.) 

Apart from the considerations mentioned above, only those methods are de- 
scribed which might genuinely be suggested as the most economical. Many of the 
conclusions which may be deduced from a survey of Tables 8 to 13 might also have 
been arrived at after a preliminary discussion of the steps listed as I) to LVIII) 
but this discussion would have been so beset by qualification and modification 
that the most effective method of comparison was thought to be the straight forward 
enumeration of all feasible possibilities. 


7. Checking and Correction of the Approximations. Since all the methods de- 
scribed in the last section are capable of producing the same final result, the com- 
putations produced by the use of one may be checked by application of any of the 
others, supplemented if necessary, by use of any of the theoretical results given in 
the text. In particular, attention is drawn to the strength of the use of the system 
of equations (6.31) as a final check. 

Many of the methods entailed the computation of a sequence of polynomials 
p,"(z) r = 0,1, --- . The computation of the coefficients of these polynomials 
may be checked and corrected by a direct appeal to the orthogonality properties. 
Assuming the vectors p,‘“” s = 0,1, --- ,r — 1, to have been correctly computed, 


m) 


a corrected version p‘”’. of the vector p,‘”” may be produced from the formula 


r—1 
~ (m) (m) m 
(7.1) Pans = Be a Do Yeo‘ ; 
where 
(7.2) Vr2 = a 0, = te O) p41 


(m) 


If the computation of the vector p, 
transpire that 


has been performed without error, t!en it will 


(7.3) Yrs = 0 s=0,1,---,r-—1. 


The corrected vector p,‘”’ may now be used to check to computation of the vector 
pi and so on. 


Readers familiar with the computational finesses of Lanczos’ [22] biortho- 
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gonalization algorithm for determining the characteristic polynomial of a matrix 
will readily perceive that the use of equations (7.1) and (7.2) is a straightforward 
adaptation of a similar technique which relates to the use of this algorithm. Details 
of connections between this algorithm, the g-d algorithm and certain others, which 
are significant in a theoretical context, are to be found in [10]. 
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TECHNICAL NOTES AND SHORT PAPERS 


On the Utility of Newton’s Method for Computing 
Complex Roots of Equations 


By I. M. Longman 


1. Introduction. With the advent of modern high speed computers, methods 
of computation which were once regarded as being too laborious to be of practical 
use can very profitably be resuscitated. This applies particularly to iterative 
methods which are very simple to program for a machine, but which might be 
very tedious for a human operator to carry out. 

For example it has been noted by Whittaker and Robinson [1] that Newton’s 
method of numerical solution of equations is theoretically applicable to complex 
as well as real roots, but would be extremely laborious to apply. 

Despite the simplicity of the method it does not appear to have had the ap- 
plication it deserves, other authors preferring more complicated methods which 
involve less cumbersome numerical work. An interesting method is described by 
Ward [2]. 


2. Examples. Consider the equation 
(1) y=f(x) =x +1=0. 


The roots of this equation are known, of course, to be x = +1, but it is instructive 
to apply Newton’s method and obtain successive approximations to the solution. 
We have 


(2) f'(z) = 2z, 
and so our recursion formula is 
(3) Tn+1 = (Xn — 1/z,)/2. 


Now it is clear that the real axis separates those points of the complex plane nearer 
to one root from those nearer to the other. Also if we start from a first approxima- 
tion 2% which is reai, all the successive z,,’s must be real, in accordance with equation 
(3). Thus starting with a real x» does not lead to a convergence of the iteration. 
However if we start with any x» in the upper half-plane, the sequence (3) con- 
verges to the root x = + and if we start with any 2» in the lower half-plane the 


sequence converges to the root x = —i. That this is true may be seen from the 
following: 

If we start with 7 = a + ib, 
(4) a = (a/2)[1 — 1/(a + &)] + i(b/2)[1 + 1/(@ + &)), 


so that the imaginary part remains positive if it is initially so, and likewise remains 
negative if it is initially so. 
For example, starting with x» = 1 + i, we have the sequence 


x, = 0.25 + 0.75% 


Received January 26, 1959; revised July 17, 1959. This work was done while the author was 
at the Weizmann Institute of Science, Israel. 
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v2 = —0.075 + 0.9757 
+0.001715686 + 0.99730392: etc., 


which is clearly converging rapidly to the root +7. 

The second example is an equation which arose in the course of the author’s 
work on the reflection of wave-pulses in elastic solids (to be published elsewhere), 
and while it was solved easily on an electronic computer (WEIZAC)* by Newton’s 
method, it would seem difficult to solve it by other means. The equation is 


(5) f(z) = (#@ +0)? + a(e + 0)” — ipx = 7, 


where b > a > 0, a > 0, p > 0, 7 > O, and the z-plane is supposed cut along the 
imaginary axis between +7b so as to make f(x) single valued, and so that the 
radicals reduce to positive arithmetic square roots on the positive real axis. Then 
it can be shown [3] that if r > 7» where 


v3 


(6) tT = (a — wu )” + a(b’ — wm)” + pro 
and vp is the (unique) root of 


(7) via — vv)? + a(0 — v7)” = p (0 < % <a) 


then (5) has a unique (complex) root « = X. Furthermore X lies in the positive 
quadrant of the x-plane. 


The problem was to compute X on an electronic computer for given values of 
the (real) parameters a, a, b, p, 7. By applying Newton’s method a recursion 
formula was found in the usual way. This method was applied to the equation 


(2 + 1)" + (2? + 4)" — te = 2, 
and starting from x) = 1 + 7 the following iterates were obtained. 

a = .49278 43132 + .44404 597757 

t = .37934 25961 + .38501 147057 

x3 = .36899 47789 + .38109 031357 

tq = .36889 46156 + .38106 806367 

Zs = .36889 46067 + .38106 806427 
36889 46067 + .38106 806427 


ll 


xs 


It isseen that the iteration converges extremely rapidly, and with many different 
values of the parameters the same rapid convergence was found. 

For a complete discussion of the conditions for convergence of Newton’s method, 
and uniqueness of the root, reference may be made to Householder [4]. 


Institute of Geophysics 
University of California 
Los Angeles, California 


1. E. T. Warrraker & G. Rosinson, The Calculus of Observations, Blackie & Son, Glas- 


gow, 1944, p. 88. 


* WEIZAC is the name of the electronic computer at the Weizmann Institute of Science. 
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A Problem in Abelian Groups, with Application 
to the Transposition of a Matrix on an 
Electronic Computer 


By Gordon Pall and Esther Seiden 


1. Introduction. Mr. G. A. Westlund of “Mura’’ (Midwestern Universities Re- 
search Association) was asked to formulate a code to transpose a matrix stored 
in the memory of IBM 704, using very little additional space. It appeared that 
such a code, by Mr. William Shooman of General Electric in Evendale, was al- 
ready available and had been distributed on June 15, 1957, to SHARE members 
of IBM 704. Mr. Westlund asked whether there exists a more efficient method for 
this purpose. 

A matrix of m rows and n columns is stored in the computer with the elements of 
each column listed in order and followed by those of the next column. The positions 
can benumbered as mj + i (i = 0,1, --- ,m — 1;7 = 0,1, --- ,n — 1). To trans- 
pose the matrix, the element in position mj + i must be moved to position ni + j. 
The key remark is that the new position number is obtained from the old by multi- 
plication by n, and reducing mod N( = mn — 1). Starting with any element (which 
we will call a leader), we multiply its position number by n and replace mod N, 
repeat this operation with the new position number again and again, and thus have 
a cycle of elements which are permuted cyclically in the process of transposing a 
matrix. If v is the g.c.d. of any of the position numbers and N, then the number 
of elements in the cycle is equal to the least positive integer r for which 
n’ = 1(mod N/v). 

The questions then arise: (a) can a method be devised of choosing one and only 
one leader in every cycle; and (b) if this is done, will the new method of transposing 
a matrix compare favorably in machine time with the existing method? Both ques- 
tions are answered affirmatively in this note. 

A program for transposing a matrix, once a set of leaders is given, was con- 
structed at our request by G. A. Westlund, under the direction of M. R. Storm, 
head of the computing section at Mura. The suggestion was made that our method 
for forming a set of leaders (see §2) might also be programmed by building a table 
of indices and primitive roots into the computer. We felt that it would be more 
economical to carry out the construction of a set of leaders by hand. The construc- 
tion of a table of leaders for all pairs m, n with certain properties is under investi- 
gation. 

In transposing a matrix by the Mura program, the machine time is much smaller 
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than that by the General Electric method (Matrix Transposed on Itself, Shooman 
at Evendale, June 21, 1957). By the latter method the total number of switches is 
m(m — 1)n(n — 1)/4, and is roughly proportional to the square of the number of 
elements of the matrix. By our method the number of switches is roughly propor- 
tional to the number of elements of the matrix. Here are some examples of machine 
times. 


Size of matrix. Time by Mura Program. Time by G. E. program. 
8by 7 Too small to measure Too small to measure 
21 by 14 Too small to measure 2.5 seconds 
18 by 15 Too small to measure 2 seconds 
3l by 8 Too small to measure 2 seconds 
24 by 35 Less than a second 23 +seconds 
23 by 25 Less than a second 20.5 seconds 
25 by 31 Less than a second 21 seconds 
75 by 73 Less than five seconds 17.5 minutes. 


2. Background Theory. Let G be the group of residues prime to N modulo N, 
and let n be an integer prime to N. We will give an algorithm for choosing a set 
S(n, N), containing exactly one element of each coset in G of the group of powers 
of n modulo N. 

Itseems necessary to remark that it seems not to be trivial—as we at first sup- 
posed—to devise a general method of choosing a complete set of representatives of 
a group modulo a subgroup—if one does not wish to take the time to write out coset 
after coset, and see what remains. Notice for example that if p and q are distinct 
primes, and if p divides g — 1, the solvability for x of an* = b (mod p’) and for y 
of an” = b (mod gq’) may impose on zx and y inconsistent conditions modulo p, 
and so a and b can be in the same coset mod p’ and mod gq’ without being so for 
their product. It will be seen in the vector representation which follows that now 
one and now another of the components dominates the congruence conditions, and 
an unsystematic analysis may be difficult. Perhaps indeed our algorithm may have 
value beyond this present application. 

As is well known, if p = p; is an odd prime, and ¢ = ¢t; a positive integer, there 
is an integer g = g; (a primitive root of p') such that every residue k prime to 
p modulo p’ is associated uniquely with an index e mod N; , where 


(1) N; - pi (ps PTT A), 


such that k = g° (mod p'). If p = 2 and t =. 2, there are two indices e and e; cor- 
responding to any given odd residue k mod 2‘ such that 


(2) k = (—1)5" (mod 2‘), with e9 determined mod Ny, and e, mod N;, 


where Ny) = 2 and N, = 2°”. This extends to t = 1 if we choose Np = N, = 1. 
Index tables exist for prime-powers up to 10,000 from which corresponding values 
k and e, or k and e , e: may be read. 

Write N = p,"' --- p,"* as a product of powers of distinct primes. If N is even, 
take p, = 2 and No, N; as above; otherwise use (1). Then by the preceding para- 
graph and the Chinese Remainder Theorem, there is associated with each residue 
prime to N modulo N a unique index vector (é, , én4:, °°* , @:) With components 
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determined respectively to the moduli N,, --- , N, ; h is 0 or 1 according as N is 
even or odd. The group G is isomorphic to the “additive group” of these vectors. 


3. The Algorithm. Find the index vector (wu, , --- , u,) of n. Find the g.c.d. d; of 
N; and u; , and set K; = N;/d;,i = h,--- , s. For each prime p dividing K, --- K, , 
let 7(=j,) denote the subscript of that one (or of any one) of K,, --- , K, which 
contains the highest power of p. (We will speak of p as belonging to j.) For each i 
from h to s, write K; = L,Q;, where Q; consists of the prime factors belonging to 
i. (Thus LZ; is prime to Q; , and Q; may be 1.) Let S; denote the set of L; residues 
mod K; obtained by combining each of 0, 1, --- , L; — 1 with any desired fixed 
residue mod Q; . (For example, S; can be) 


kk+Qi,k + 2Q;,---,k+(Li-—1)Q:, ka fixed integer.) 
Then, a set S(n, N) is given by the vectors 
(3) (en + diyn, +++, es + dys), with y; ranging over S; , 
ande; = 0,1,---,d;-—1, (@=h,---,8). 


Proof. Notice first that the order of the cyclic group generated by n is equal to 
the least positive integer q such that 


(4) qu; = 0 (mod N;), (¢ =h,--- 


and that q = Q, --- Q, . Also, the number of vectors in (3) is d, --- d,ly --- L, = 
N, --- N./q. Hence we have only to prove that no two of these vectors are in the 
same coset. Notice also that the coset of any given vector (z, , --- , 2.) is composed 
of the q vectors 


(2p + TUn,-°* 5 22 + TU), z=0,1,---,q-1; 


and for each 7, the components z; + xu; have a fixed residue modulo d; . Hence if 
two vectors in (3), say (2, °--, 2) and (z, + 2u,,---, 2 + ru,), are in the 
same coset, they must have the same terms e; , --- , ¢, and, for each prime p and 
the subscript j to which p belongs, z; = z; + xu; modulo the power of p in N; 
(since, for every i, z; = z; + ru; mod d,Q;). Hence xu; is divisible by the power of 
p in N;. But (excluding the trivial case where all indices u,,---, u, are 0, hence 
n = 1) N; and qu; contain the same power of p. Hence <u; is divisible by the power 
of p in qu; , x by the power of p in q (this for every p), x is divisible by g, and the 
two vectors coincide. Q.E.D. 

It remains to convert the vectors in (3) into position numbers mod N. Write 
M; = N/p,‘' (i = 1, --- , 8). The expression 


(5) Myw"**™ + acyl + Mae, 


the first term being replaced if N is even by M,(—1)°**"5°**™, ¢; and y, 
having the ranges in (3), gives exactly one leader in every cycle whose position 
numbers are prime to N. (One can of course read off the values g°**” from the in- 
dex table.) Because of the factors M; the leaders listed in (5) may not be ex- 
actly those specified in (3), since the expression in (5) gives the number with 
gi to the index e,’ + e; + di(y; + y,’), where e,’ + diy,’ is the index of M;. But 
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since e;’ and y;’ are fixed for each i, this has the effect of permuting the residues 
e; mod d; and y; mod L; , while keeping y; still fixed mod Q; , and thus gives another 
set S(n, N). 

For any divisor v of N, the leaders for the cycles whose position numbers have 
with N the g.c.d. v can be obtained by multiplying the elements of the set S(n, N/v) 
by v. The work can be arranged so that all the sets S(n, N/v) for all divisors v of 
N are constructed in one operation, without duplication of effort. This will be illus- 
trated by an example. The example will also make use of the obvious fact that if N 
is double an odd, S(n, N) can be derived from S(n, N/2) by simply taking the 
latter elements and adding N/2 to those of them which are even. 


4. Example. Let m = 75, n = 73. Then N = mn — 1 = 5474 = 2-7-17-23; 
73 is 3! mod 7, 3° mod 17, 5* mod 23. 


peo¢(p') ui dK Q a e Mg*v 
a) FF 6 rt t.4 3 2 0,3 O 391-3°,2 =e+dy = 0or3 
b) 7 6 1 1 6 6 1 0 0 391-37,7 =0 

17 16 5 11 16  * 0 161-3°,2 =0 

23 22 4 2 iii 11 1 O 0,1 119-5*,z = O0orl. 


Notice that row a), with 2 not a factor of Q, is used when 17 is a factor of the 
modulus, since then the highest power of 2 occurs in K(17). To get the four leaders 
of primitive cycles mod 7-17-23, add either 391 or 2346 to either 119 or 595, and 
to 161. To get leaders for products by 17 of primitive cycles mod 7-23, add 391 
(from row b)) to either 119 or 595—and so forth. The results, with the residues 
adjusted to be odd as explained earlier, are: 365, 671, 1147, 5363; 3017, 3493; 3247, 
3723; 2507, 3289; 391; 161; 119, 595; 2737; also, their doubles, 730, --- , 1190, 0,— 
thirty leaders in all. 


5. Comments. (i) This technique applies to the determination of leaders of 
cycles under multiplication by powers of n, in the ring of residues modulo N, if 
n and N are coprime,—regardless of the matrix interpretation. 

(ii) For each prime-power p' in N, a listing must be given for each power 
p(s = 1,---,t), except that 2° can be omitted as indicated. In all these, the index 
u (or the two indices if p = 2) need not be changed for g* = n (mod p') implies 
g’ = n (mod p’). Each power p* should have as many listings as there are different 
values Q possible for it. 

(iii) It is interesting that certain partial sums of the terms in the classical 
expression (5) give (with appropriate modifications of the exponents) the im- 
primitive leaders. 


Illinois Institute of Technology, Chicago, Illinois 
Northwestern University, Evanston, Illinois 
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The Fourier Transform of [<* + ( - z")")" Arising 
from Study of Tuned Circuit Spectra 


By Charles Walmsley and Arthur S. G. Grant 


This Fourier transform is given in tables [1, 2] only in the case when k = 1 and 
c = 2 cos 6 with —3a < @ < 4x. The need for it in other cases has arisen in recent 
work concerned with the study of a random signal obtained by applying a white 
noise to the input of a band pass filter. 

The power transfer function of the filter, and thus the power spectrum of the 
signal at the filter output, is considered to be of the form 


(1) T(f) = &*/(e* + (f/fo — fo/f)” I. 


It should be noted that T(0) = T(«“) = 0, T(f/fo) = T(fo/f) and T(fo) = 1. 
The band-width to the half-power points is obtained by setting f/fo — fo/f = +c 
and solving for the lower and upper cut-off frequencies f, and f. , obtaining 


(2) fi/fo = (2 + 4)'* — ef/2 and fo/fo = [(¢ + 4)” + of/2. 


Thus the band-width, fe — f, , is equal to cfy . The shape of the filter response is de- 
termined by k, which is assumed to be restricted to positive integral values. The 
plot of T(f) vs. f on a logarithmic frequency scale is symmetrical about the center 
frequency fo and thus, by a proper choice of c and k, good approximations to prac- 
tical filter response curves may be obtained. By the Wiener-Khintchine result [3], 
the auto-correlation function of the filtered noise is given by the Fourier transform 
of T(f), 





* ¢* exp(—2xjfr) df 
¢(r) = | = TF \sk ? 
Le C* + (f/fo — fo/f)? 
or, with simple reduction and change of notation, 


x 


(3) [ = | exp (iyx)[e* + (2 — x")")"' dx 


where c > 0, y > O, and k is a positive integer. 

Contour integration, using the familiar infinite upper semi-circle and Jordan’s 
lemma, shows that the integral J is equal to 2ix times the sum of the residues of the 
integrand at the poles in the upper half-plane. The relevant poles are 


ee 
t= E Cis ote + rcis$|/2, m=1,2,---,k 


9 
° > » om 
r Cis @ = ¢ Cis- 





and 


re" 





where Cis ¢(= exp ig) denotes cos ¢ + 7 sin ¢. Evaluation of the residues and 
algebraic reduction gives the general result: 


k 
(4) I = (xc */2k) >> M, 


m=1 
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where 


. 2m — 1 ee 
M = expa| cos 8 | sin —; wr—cr sinw 





; 2m — 1 - 
+ sin B (cos “a © + cr cos w) 


2m 


+ exp y cos 6 (sin = x+cr' sin s) 





, 2m — 1 “a 
+ sin 6 (cos a ™— cr cosw . 


where a, y denote 














y i 2m — 1 = si 6 

5 c sin aE rsin 5 , 
8. 6 denote 

y Bat Pe 

5 c COs a 2 r C08 5 ' 
and 

ua 2m — 1 
o= 5) k TT. 


This is applicable in all cases except when c = 2 and k is odd. In this exceptional 
case the value of M corresponding to m 3(k + 1) must be replaced by 
2(1 — y) exp (—y). - 

In the case when k = 1 the result is 


II 


I = rexp (—}4yc)[c cose — (4 — ¢)” sin dl, 
(6) or x exp (—4yc)[c cosh ¢ — (¢ — 4)” sinh ¢], 
or 3(1 — y) exp (—y) 
according as 0 < c < 2, ore > 2, orc = 2; where 
e = hy(4—-—e¢)'”, ¢ = hy(e — 4)”. 


This result (6), with different notation, agrees with formula 21, §1.2 (p. 9), Vol. 1 
of the Bateman Project Tables [1] in so far as that formula is applicable; but it in- 
cludes also the case (when c > 2) not covered by that formula. 

For k = 2 the result is 


(7) I = rexp (—ye/2x/2)[A exp¢ + B exp (—¢)]/(2V/2c’) 
with @ = y(r’ — 4)'?/2v/2, r* = c + 16, 


A = [1 — er ?(r + 4)'"] cos (P — Q) — [1 — er *(r — 4)'”| sin (P — Q), 
B= [1 + cr?(r + 4)"] cos (P + Q) + [1 + er *(r — 4)'"| sin (P + Q), 
P = y(r + 4)'2/2V72, = QQ = ye/2V22. 
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In the degenerate case when y = 0 the general result (4), (5), becomes 
(8) [ [co + (2 — x *)"Y" dx = rk 'c'™ ese (x/2k). 
Special results for k = 1,¢ = } and k = 2,¢ = 1/+/2 are 


(9) [ -*- a som 


which may be verified independently. 





Dalhousie University, Halifax, N. 8., Canada 
Naval Research Establishment, Dartmouth, N. S8., Canada 

1. A. ErpeE.yi, Et au., Tables of Integral Transforms, McGraw-Hill, New York, 1954. 

2. F. OBERHETTINGER, Tabellen zur Fourier Transformationen, Springer-Verlag, Berlin, 
1957. 


3. A. VAN DER ZIEL, Noise, Prentice-Hall, Inc., New York, 1954, p. 316. 


On the Evaluation of Certain Complex 
Elliptic Integrals 


By H. A. Lang and D. F. Stevens 


1. Introduction. Elliptic integrals of the third kind are occasionally encountered 
in the form 


all(, a, k) + all(#, @, k) 


or 


all($, a, k) — all(#, a, k) 
where a, d@ and a’, & are complex conjugates and the modulus k is real such that 
0 < k’ < 1.0. It is usually desirable to rewrite these integrals using only real co- 
efficients and parameters. This paper gives an elementary procedure for the evalua- 
tion of these expressions, together with the correction of some existing formulas. 


2. Modified Development. We follow the development suggested by Hoiiel 
[1], but use the notation of Byrd and Friedman [2] wherever applicable. Since the 


modulus k is the same in all of the elliptic integrals considered here, it will be 
omitted throughout. 


For convenience, set 


, “a 2 a 4 do : - dp 
2m, = 1(¢, 0°) + 11(¢,a") = [ ai fa 


(1) — a? sin? ¢)A s - & sin? o)A 
l 





P 2 2 ? do [ do 
2 = ‘)— z2)= —_ a 
_— N(¢, a’) Me, &) l (1 — a sin? d)A o (1 — & sin? d)A 
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where 
A= V1 — sin? ¢ 

Then, if a = a, + ib, , we have 
all(¢, a) + aII(¢, a) 


II 


2a,lT, - 2b,Il2 


all(¢, a) — all(¢, &) = 2iaT, +2ib 1, . 


II, and II, will be given by the equations 


8 Th + 4 Tk = —— F(¢) — mI(¢, a) + 1 
1 





(3) , 
Th + tT = —— F($) — mI($, a’) + 7 
where 
¥ dx sin } cos 
sf Tas ._ -. oom? Pi - . 
o 1lt+h;we a + m; sin? o)A’ 
and the other subsidiary quantities are obtained as follows. We first set a = —y, — 


R 2 2 2 - 2 ° ° . . 
iyo, = + ¥2,2 = sin ¢ in equations (1) and rationalize: 


* (1+ 2) de 








mk ovens 
0 (1 + 2y.z + r2)A 
ts) 
i, = [ en i dp 
bo (1 + 2yz + re’) 
We substitute these forms in a general equation (3) to obtain* 
of itn) [ _trzdo an [* 
(1+ 2y12+ r2)A Jo ( 2yiz2 + r2’)A mJo A 


(4 
‘j do os [ dx 
+ nf (l—azA Jo 1+ hv? 


Differentiating both sides of (4) with respect to @ we obtain 


s(1 + 71 z) ice tzy2 l oe ce _ 7 1 dp 


(5) (1 + 2y12 + r2z2)A mA (1 — a®z)A 1+ hp? do- 





The left side of this equation reduces to 


QO +a2z2+ az + a3z ] 


b thzth2+h22 A 





where 
+ 
am=—>s+-+N7 bo = 1 
m 


* The two sets of subsidiary quantities arise from the two routs of a quadratic equation in 
m which results from this general equation. Note that the a in equation (4) is a generic expres- 
sion for the a; and a2 of equations (3), and is therefore distinct from the a of equations (1) 
and (2). 
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a 2 9 > 
h = oi — lye — — + —* — oa’ + Qn: bh = 2 —a 
m m 
2 2 2 271 a r 2 ” 
a, = —sayi — laye + nr — +— b =r — Wha 
m m 
2 o° 
} a = id bs = —ar. 
m 
The right side of (5) reduces to 
O+aZt+az+oz l 
dibt+dazt+a2+da,2 A 
where 
| Co = l dy = 1 
q = —(2+™m) d, = 2m —K +h 
c = k’(2m + 1) d, = m* — 2mk* — h 
c; = —k’m d; = —Kkm’. 
- | Setting a; = c;, b; = d; we obtain the following relations: 
l 
(I) s+—-+n=1 
m 
a 211 9 ‘ P 
(II) sy — tye — — + — — sa + 2ny, = —(2 + m) 
m m 
; F ‘ ' 2 2 2 ‘ 
(6) (111) —say; + taye + nr — ne + — = k°(2m + 1) 
m m 
; 99 9,9 
(IV) ar =mk 
(V) 2n—a =2m-K+h 
r (VI) r —2ya° = m — 2mk — h. 
ha? ; The elimination of h from (V) and (VI) and the use of (IV) results in a quadratic 
in m with real roots: 
(P + 2h, + ym + 201 — B)r’m — P(r + 2m +) =O. 
Letting m, , m2 be these roots, we solve equations (6) for all subsidiary quantities 
as follows 
2 mk 
r2 
8m; =m — mn; — | 
ee mila; — (2 + maz + (1 + 2m)k] -— °° 
sli r+ 2na? + ait 
onin - te miye = me + (yi +2 — a )m + amily + a) +1 
(pres- 


ns (1) h (a; _ kK) (kK + 2k: + r’) 


| R( — ) 
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If we take m; < m: then 0 < a, <k’ < a < landh, < 0 < he. In the special } 
case where r + 2y: + k = 0, we have m, = 0 = a and h, = —r’. Then the first 
equation of (3) is replaced by 


- 1 _1 97 cos ¢ Si 1 
(8) 8 TI; + 4 Me = -3 F(¢) + Pe tanh" come. | a 
the second remaining unchanged. ! f 
3. Formulas to be Corrected. It will be seen that the definitions (7) are those 
given by Byrd and Friedman under formulas 417.00 and 438.00 [2, p. 231, 232, , 
238] with the exceptions of s; and ¢;. Thus the formulas depending upon these z 
quantities are incorrect. They are 416.00, 417.00, 418.00, 419.00, 437.00, 438.00, | y: 
439.00 and 440.00. \ 
We also note that these same errors occurred in Hoiiel [1, equations 119, p. 
LIII]. He gives, in his own notation 
A=(1-C)g-1 Ww 
Co(u — 2mpcos v + m’) = gm? + (2+ 9)m+ (1+ 2m)k*] — pw. 
These equations should read respectively 
Ag = (1-—C)g-1 7 
P i : P . 4] 
Cg(u — 2mpcosv + m) = gm + (2+ g)m+ (1 + 2g)k] - wv. th 


To correct Byrd and Friedman formulas 416.00, 417.00, 419.00, 437.00, 438.00, 4 
and 440.00 it is necessary only to modify the definitions of s; and t; to those listed 
in (7), since as listed they are formal consequences of equations (3) and equation ” 
(8). In formulas 418.00 and 439.00, however, we must not only modify s; and ¢;, 
but also change the sign of the term involving II(a;, k) (in both 418.00 and 439.00), | 
and the sign of the term involving tanh’ (rsnwcdu,) (in 439.00) ; these signs should 
all be negative. (See the end of the next section for a modified, corrected version of 
439.00. ) 








TI 
a aii at aodadcl “ , Sa 
4. Simplication of Results. The form of definitions (7) suggests the following 
simplifications in the Byrd and Friedman formulas under consideration. Let us 
multiply equations (3) by m; to obtain an 
sil, + tlle = —F(¢) — nill(¢, a?) + 7: i= 1,2 
where now 
[ ‘ mdz 
Tj = a A >? 
o Ll+h; 2 
the p; are defined as before, and definitions (7) are replaced by: 
2 mek 
OF aes > | ~ 
- Fa 
kn 


8s = m—n;,— 1 


nr a Qyniai +a) = mila; — (2+ m;)a; +(1+ 2m)k’} -r 


Ww 
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00, 
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tv = m; + m(vy + 2 — a?) + ndy + a?) + "1 
hk(1 — kh) = (a? — F)(K + 2ky, + 7). 


This permits us to write formulas 416.00, 417.00, 437.00 and 438.00 with no explicit 
appearances of m, or m, . For example, 416.00 becomes: 


° ‘ 2 
416.00’: all(a") + a(&) = a Segoe a {la(t; — tb) + d(s — 8) |K 
— 8 h 


81 by 
+ molar th + b; &)M(a2") — ma tb + by 82) 11 (a,")} 


A similar simplification is possible in the special case when m, = 0 = ay. In this 
case we multiply the second equation of (3) by m2 as above, and multiply equation 
(8) by r° to obtain 


3 1, +40. = —kKF(¢) + r tanh” a Se 


where 


9 9 


s=r—-FK 

tye = 2 +ratk 
(m2, 82 and tf, are defined as in (7’).) This permits us to write formulas 418.00, 
419.00, 439.00, and 440.00 with no explicit appearances of m2 or r2 (But note that 


the two occurrences of r in formulas 439.00 and 440.00 are preserved.) For example, 
439.00 (with the sign changes mentioned in Section 4 incorporated) becomes 


439.00’: all (1 , a’) + al(u,a°) = ———_ \ fant —t) + by, (k's. — 8))}u 


~ neo( ay i + by 8 ) (uw ’ a ) + (mt + by 8)r° 


r cos ¢ sin ¢) 

. 08 ¢ SI 

— r(a te + b, &) tanh’ ———— 5. 
A 

The Rand Corporation 

Santa Monica, California 
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The Numerical Evaluation of the Eighteenth 
Perfect Number 


By D. Scheffler and R. Ondrejka 
On November 17, 1959 the IBM 709 installation at the National Aviation 
Facilities Experimental Center in Atlantic City, New Jersey computed the largest 
known perfect number, corresponding to the eighteenth Mersenne prime [1]. The 
result was checked by recomputation one week later. Running time for this cal- 
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2e216 (e217 


11380 
78809 
15743 
76585 
04702 
07502 
50450 
06461 


13660 
31977 
71651 
13494 
18133 
60658 
51011 
76469 
98074 
15398 


47124 
89972 
44495 
74088 
94447 
86755 
46329 
65405 
59113 
67362 


01088 
80449 
83153 
44407 
48545 
27053 
69298 
19923 
63009 
60384 


28499 
43769 
84247 
90642 
18166 
23592 
97727 
78598 


92248 
10667 
70269 
44715 
40515 
01177 
96704 
88163 
25319 
88515 


38125 
34160 
12383 
56156 
59556 
43521 
85210 
71348 
12662 
19283 


79621 
94601 
85468 
00881 
62611 
74393 
59774 
81813 
78059 
09383 


87972 
03884 
30130 
32548 
02944 
23201 
08485 
29560 


41817 
39235 
75942 
62560 
17095 
01932 
56745 
15598 
34095 
06645 


05411 
91179 
77139 
19951 
04400 
12542 
42107 
43880 
32422 
02111 


95936 
56797 
24093 
58747 
21386 
03504 
37781 
38557 
19702 

2922 


Computation Branch 
National Aviation Facilities Experimental Center 
Atlantic City, N. J. 


57085 
54549 
49535 
80704 
24947 
69121 
84998 
94647 
72060 


87708 
10073 
41031 
95717 
61679 
74226 
93989 
24715 
80454 


—— 


13775 


75238 
78404 
62049 
54576 
59050 
19478 
55317 
43911 
00783 
92876 


40826 
85536 
18461 
44654 
66740 
90226 
93050 
85697 
68557 
77544 


21319 
96241 
77426 
76236 
61473 
77873 
56361 
43635 
01347 


36089 
74503 
95552 
96578 
51095 
30828 
01942 
64998 
56248 
92755 


37438 
56379 
42879 
69607 
09176 
48154 
84918 
63448 
55773 
17896 


31162 
10182 
66962 
76950 
77111 
03882 
34874 
81918 
26877 
91185 


86724 
57348 
08498 
55942 
19657 
79658 
44177 
53778 
49556 


51191 
75540 
98989 
81556 
45364 
05077 
05255 
19626 
86643 
53988 


25674 
49920 
82489 
96405 
35471 
94784 
35892 
54323 
45584 
14688 


22733 
46696 
49598 
72686 
39619 
47974 
97407 
60647 
64976 
78596 
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43701 
21584 
85573 
23617 
90746 
22199 
18592 
15002 
17851 


12317 
33525 
71218 
41912 
94855 
86835 
17538 
16327 
83465 
21942 


44370 
04873 
52982 
21269 
14092 
27620 
66903 
58638 
22572 
55848 


28035 
10125 
34076 
78051 
07153 
23347 
86928 
25620 
70726 
58328 


12, 1958, 


culation was approximately five minutes. This perfect number 
divisors, and its decimal representation is as follows: 


08772 
50444 
69475 
48505 
56099 
90166 
54020 
84915 
48168 


48852 
31476 
00121 
21029 
76150 
04954 
44844 
51283 
37988 
54397 


55019 
05751 
72331 
08149 
25537 
11708 
95463 
80664 
03105 
60065 


60330 
39222 
07141 
75774 
09233 
99407 
09603 
97081 
84960 
88833 


p. 60. 


has 6433 proper 


11080 
04288 
99061 
09108 
91860 
34780 
78185 
88024 
01859 


26416 
22794 
46417 
35450 
66010 
91125 
89909 
12787 
50027 
64732 


44105 
84557 
40637 
26560 
13974 
45949 
64972 
53138 
18698 
04887 


94756 
54567 
60125 
69568 
55823 
13028 
39062 
68229 
46345 
26285 


38484 
20487 
73841 
53782 
07644 
93006 
07301 
48863 
88557 


13068 
35900 
74673 
29975 
16891 
76654 
32896 
95091 
35506 
39982 


10064 
48701 
01483 
17860 
25807 
27467 
14522 
26206 
14337 
63157 


42390 
24090 
18895 
91212 
17866 
01487 
95910 
11615 
27631 


25056. 
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A Note on Gaussian Twin Primes 
By Daniel Shanks 


If m’ + 1 is a prime, then m + i is a Gaussian prime and conversely. 
If (n — 1)° + 1 and (n + 1)* + 1 are both prime, thenn — 1 + iandn+1+4+i 
form a pair of Gaussian twin primes [1, p. 82]. This is the case for n = 3, 5, 15, 
25, 55, --- , 184705, 184745, 184755, --- ; the corresponding (rational) primes 
being 5 and 17 for n = 3, and 34134040517 and 34134779537 for n = 184755. Let 
g(N) be the number of such pairs for 4 < n+ 1S N. 

Similarly, let z(N) be the number of pairs of rational twin primes, n — 1 and 
n + 1, (such asn = 4, 6, 12, 18, ---), for5 < n+ 1 S N. Hardy and Littlewood 
{2] conjectured that 


N 
(1) 2(N) ~ 132032 [ — 4 
2 (log n)? 
where 
. 1 
2 1.32032 --- =2 De: atetitiiene ll 
” II, ( (p — i) 


the product being taken over all odd primes. 

By the use of a sieve argument very similar to that recently presented [3] in 
support of another Hardy-Littlewood conjecture, the following asymptotic relation 
was obtained: 


(3) g(N) ~ 0.369322(N), 


where 


(4) 0.36932 --. = 1 Il E —2 (“Vio — 2) '. 
4 p=3 P 


Here (—1/p) is the Legendre symbol. Assuming the truth of both (3) and (1), we 
have 


: In 
ny ~oaszee [2 
(5) g(N) — 2 (log n)? 


We may compute the constant in (5), and therefore also that in (4), from 


7 son 2 4 p+i1\ 
( 0.48762 --- = = (1 - 4)( ), 
(6) 76 3 - * 3b apes 


the product being taken over all primes of the form 4m + 1. The evaluation of the 
right side of (6) is facilitated by a transformation similar to that previously used 
[3] in computing the Hardy-Littlewood constants, h. . 

The number of Gaussian twin pairs, g(N), was determined for N = 
500(500) 185000, by counting these pairs in a recently computed table [1, p. 81] of 
the greatest prime factor of n° + 1 for n = 1(1)185000. A short summary is shown 
in Table 1 together with a comparison of g(N) and 
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TABLE 1 
Gaussian and Rational Twin Primes 





N g(N) z(N) s/t | 2(N) =(N) 

10000 76 79.1 0.961 205 214.2 0.957 
20000 127 132.1 0.961 342 357.8 0.956 
30000 180 179.8 1.001 467 486.7 0.959 
40000 234 | 224.3 1.043 591 607.4 0.973 
50000 | 276 | 266.8 1.034 705 722.5 0.976 
60000 | 321 307.8 1.043 811 833.4 0.973 
70000 | 361 347.5 1.039 905 940.9 0.962 
80000 403 386.2 | 1.044 1007 1045.7 0.963 
90000 437 424.0 | 1.031 1116 1148.2 0.972 

100000 463 461.2 1.004 1224 1248 .7 0.980 

110000 502 497 .7 1.009 

120000 532 533.6 0.997 

130000 568 569.0 0.998 

140000 | 598 603 .9 0.990 

150000 629 638 .4 | 0.985 

160000 660 672.6 0.981 

170000 696 706.4 0.985 

180000 | 734 739.8 0.992 

185000 762 756.4 1.007 

v dn 
(7) g(N) = 0.48762 [ = ay 
2 (log n)? 


Also shown are Glaisher’s counts [4] of z(N)) to N = 10° and 
N = 

(8) 2(N) = 1.32032 [ _dn _ 
2 (log n)? 


In this range of N the deviations from unity of g(N)/g(N) and z(N)/2(N) are 
about equal in magnitude, [5]. 

The slow oscillations of g(N)/g(N) around one have two significant conse- 
quences. 

1. They make improbable any value of the constant in (5) which differs more 
than slightly from the theoretical value, (6). 

2. They make possible a sensitive test for the correctness of the function of N 
assigned to the proposed asymptote, {> dn/(log n)”. For since | g(N) — g(N) | « 
g(N), even small functional modifications in g(N) would greatly alter the phase, 
frequency, and amplitude of the corresponding oscillations of g(N)/g(N) around 
one. Now consider P(N), the total number of Gaussian primes of the form m + i, 
{1, see Table on p. 78; p. 81]. The corresponding Hardy-Littlewood conjecture reads 


N 
(9) P(N) ~ P(N) = 0.68641 [ dn/log n, 
and similar remarks are applicable to the function P(N) and to any oscillations of 
P(N)/P(N). But if (9) and (5) are both valid, we must expect that any slow oscilla- 
tions of g(N)/g(N) and P(N)/P(N) will agree in phase and frequency. For, where 





nt 


of 


2s 


of 


are 
nse- 
nore 


of N 

l« 
Jase, 
yund 
+ 1, 
eads 


ns of 
cilla- 
yhere 


eee 


———— es 
—E 


A NOTE ON GAUSSIAN TWIN PRIMES 203 
1.06 
1.04 
1.02 


1.00 





098 | 


\f 
0.96 ob 


= SS es 
0 40,000 80,000 120,000 160,000 200900 
Noe 
Fic. 1—Comparison of g(N)/g(N) with P(N)/P(N). 


there is an excess of primes, there should generally also be an excess of twins, and 
if the oscillations are slow, then any complicating higher frequency fluctuations in 
the local density will largely disappear by integration. In Figure 1 we compare 
graphs of g(N)/g(N) and P(N)/P(N) for N to 185000. Very close agreement is 
seen in the phase and frequency of the slow oscillations. Since such an agreement 
would seem improbable if either or both of (5) and (9) were false, it may be re- 
garded as providing further evidence in their favor. 

The difficulties that stand in the way of a proof of (3), (assuming it to be true) 
are similar to those previously discussed for other problems [3]. Thus it is unlikely 
that (3) will be proven without a simultaneous solution of the long outstanding 
Goldbach, twin prime, and n” + 1 prime problems. 

In conclusion it should be noted that the Gaussian twins on the line n + 7 are 
by no means the only “twins” in the Gauss plane. On the line n + 2:2, for instance, 
we not only have twins, n = (179983, 179985), and triplets, n = (423, 425, 427), 
but even one octuplet, n = (—7, —5, —3, —1, +1, +3, +5, +7). 


Applied Mathematics Laboratory 
David Taylor Model Basin 
Washington 7, District of Columbia 


. Danie. Suanks, ‘‘A sieve method for factoring numbers of the form n? + 1,°° MTAC, 
v. 13, 1959, p. 78-86. 

2. G. H. Harpy & J. E. LirrLewoop, ‘‘Partitio numerorum III: On the expression of a 
number as a sum of primes,’’ Acta. Math., v. 44, 1923, p. 42. 

3. Danie. SHanks, “On the conjecture of Hardy and Littlewood concerning the number 
of primes of the form n? + a,’’ Notices, Amer. Math. Soc., v. 6, 1959, p. 417. Abstract 559-52. 
A eR & paper with the same title will give an expanded version of this report. 

4. J. W. L. Gviatsner, ‘“‘An enumeration of prime-pairs,’’ Messenger Math., v. 8, 1878, p. 
28-33. 

5. The empirical evidence for (1) is much more extensive. D. H. Lehmer has computed 
z(N) = 183728, 2(N) = 183582, and z/z(N) = 1.0008 for N = 37-10. See the review, UMT 3, 
of D. H. Lenmer, “Tables concerning the distribution of primes up to 37 million,” MTAC, 
v. 13, 1959, p. 56 
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29(B|.—GrorcE E. Reynotps, A New Method of Cube Root Extraction on Desk 
Calculators, Electronics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, USAF, April 1958, (ASTIA 
Doe. No. AD 133760), vi + 27 p., multilithed. 


The method consists of the use of one iteration of a third-order iterative process 
for computing ~/N, with the aid of a table from which certain functions of an 
approximate root A can be read. The iterative formula is used in the form 





both 2A and A’* being read from a table. Thus only one multiplication and two di- 
visions, plus some minor auxiliary operations, are necessary. 

Three tables are provided, these being so-called five-place, six-place, and seven- 
place cube root tables. The author states that a maximum error of one unit in the 
last significant digit of the rounded answer can be achieved. A few spot checks have 
revealed no cases in which the statement is false. It is worth noting that the only 
instance discovered by the reviewer in which the result obtained from the tables 
differed from the correct result by one unit in the last digit occurred in the begin- 
ning of the five-place table for the range in which the tabulated value of 2A has 5S 
instead of 6S. This agrees with the author’s statements on p. 11-12 concerning the 
location of the maximum error in the tabulated values. 

The instructions as to procedure are sufficiently explicit except in respect to the 
number of guard figures to be kept in the quotient N/A*. One may infer from the 
corrected version (furnished with the review copy as an erratum) of the example on 
p. 15 that the author believes one guard figure will suffice, although there is no con- 
sideration of this issue in the paper. 

Equation (21) is incorrect. Its right side should read 


(24)(N/A* + 4) + (N/A® + 2). 


The reviewer is allergic to the use (p. 9) of the colloquial phrase “‘several times 
greater than’’ in lieu of “‘several times as large as’’. There is no such thing (p. 13, 
line 3 fb) as the Newton-Raphson Method for the cube root, since there are many 
equivalent equations with the cube root of N as a solution. The reviewer is un- 
familiar with the term (p. 14, line 8) “increasing asymptotically”. Is ‘“monotoni- 
cally” the adverb intended? 


Tuomas H. SouTHarD 
University of California, 
Los Angeles, California 


30(G|.—_Joun L. SetrripGe, On Finite Semigroups, Dissertation, University of 

California, Los Angeles, multilithed typescript, iv + 185 pp. 

A system is a set of abstract elements, together with a binary operation [in this 
review called multiplication] defined from the cartesian product S X S to a set V. 
For a, b < S, the value of the product is written ab. The system is closed whenever 
V Cc S. The order of the system is the number of elements in S. 
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Two systems S and T with sets of values U and V are called isomorphic when- 
ever there is a one-to-one function ¢ from S U U to T U V such that ¢(ab) = 
g(a)g(b) for all a, b € S. They are anti-isomorphic whenever ¢(ab) = ¢(b)y(a) 
for all a, b € S. “Using isomorphism as an equivalence relation --- [systems] are 
divided into classes, all -- - [systems] in a class being isomorphic copies. If a pair of 
classes are anti-isomorphic (i.e., they have anti-isomorphic representatives) they 
are called a type. The remaining classes are types which are anti-isomorphic to 
themselves” (p. 3). 

If a system is closed and multiplication is associative, it is called a semigroup. 
A semigroup in which, for some p, all products of p elements are equal is called 
nilpotent. The classification and enumeration of general systems of finite order is 
an exceedingly difficult problem, unsolved even for finite groups. In 1954 the re- 
viewer (with Dr. Selfridge’s able assistance) wrote a code [1] which caused SWAC 
to punch multiplication tables for all semigroups of order 4. One of the main tasks 
was to arrange the 3492 tables by types, and to select one table to represent each 
type. In order to represent the tables compactly and deal with them arithmetically, 
the elements of the semigroup were given the names 0, 1, 2, 3, and the sixteen 
entries in a multiplication table were written row after row in a single line of 16 
base 4 digits. It was convenient to select as the representative of a type of semi- 
group that one whose table comes first in the lexicographic order by rows. Such a 
multiplication table is called a row-normal table by Selfridge. Similarly, column- 
normal table is defined. 

The above considerations were purely matters of machine convenience, devised 
for a limited purpose. In his dissertation Selfridge has made a systematic study of 
multiplication tables, both for semigroups and for more general systems, and through 
an analysis of tables and row-normal tables has obtained new information about 
the structure of the algebraic systems. This is a good illustration of the feedback 
from digital computation to pure mathematics. Perhaps the greatest benefit of 
automatic computation for any problem is the resulting increased theoretical com- 
prehension of the problem. 

In the dissertation definitions and elementary properties of multiplication tables 
occupy p. 1-7. For example, it is proved that there are at least (n” + n)*/(n!)(n’!) 
types of commutative systems of order n, where g = n(n + 1)/2. On p. 8-14 the 
author enumerates all possible initial rows of a row-normal semi-group table, and 
proves that there is an example of a semigroup corresponding to each possibility. 
Certain last rows are also enumerated. 

Pages 15-19 contain a classification and enumeration of all tables corresponding 
to nilpotent semigroups in which ev ery product of three elements if 0. As a result, 
it is proved that there are exactly =, nilpotent semigroups of order n in which 
every triple product is 0, where 


> _*< (nk)? 
z, =D arpece Lou('s Ju- spn. 


k=1 - t=O 





The author then tabulates 2, and certain auxiliary quantities for n = 1(1)7. It is 
startling to find that =; = 5,944,080,072, a low lower bound for the number of 
semigroups of order 7. 

Pages 20-22 list the results of the enumeration of certain algebraic systems of 
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orders 1, 2, 3, 4, and 5. The four properties of closure, associativity, commutativity, 
and having a multiplicative unit are considered separately, and the list gives the 
number of types, classes, and tables. Some of the numbers come from the earlier 
theory, some come from a list of semigroups of order 5, and some apparently come 
from other enumerations. We find, for example, that there are 183,732 semigroups 
of order 5, of which (by looking at 2;) we see that only 11,725 are of the types con- 
sidered earlier. We find also that there are 720 types of closed commutatives systems 
of order 4 which have a unit. 

After a three-page history of the use of high-speed computers to seek and 
enumerate various systems, the author devotes p. 26-33 to indicating how in 1955 
he and Professor T. 8S. Motzkin found and classified all semigroups of order 5 on 
SWAC, using only 256 cells of rapid-access storage. To reduce the time, only normal 
tables were computed. There follows a two-page study of the feasibility of carrying 
on to order 6. Exclusive of punch time, on SWAC the principal search code took 3 
minutes for order 4, 40 minutes for order 5, and might be expected to take about 25 
hours for order 6. In all cases the editing and preparation of the tables for publica- 
tion remains the major part of the work. 

The greatest bulk of the dissertation is the appendix on pp. 41-185, where the 
semigroups of order 5 are tabulated in the form of multiplication tables. It is 
difficult (though not impossible) for the reader to determine just what is listed; 
the explanation (p. 28 and 29) refers to lists L; and L2 , which are not the lists in 
the appendix! It is to be hoped that Dr. Selfridge will add an explanation to any 
existing copies of this appendix. 

Here is the reviewer’s explanation of the appendix, based partly on personal 
copies of L; and L. . There are 1915 distinct classes of these semigroups. Consider 
each multiplication table to be in row-normal form, and the resulting 1915 tables 
to be given class numbers [reviewer’s term] from 0 te 1914 in lexicographic order 
by rows. Now 405 of the 1915 semigroups (including the 325 commutative semi- 
groups) have the property that each is anti-isomorphic to itself, while the other 
1510 semigroups form 755 anti-isomorphic pairs. The author omits the table in each 
anti-isomorphic pair that has the larger class number, and thus obtains an ordered 
set of 1160 row-normal tables, representing each of the 1160 distinct types of semi- 
groups of order 5. These are given type numbers |[reviewer’s term] from 0 to 1159 in 
lexicographic order by rows. 

The appendix lists each of these 1160 semigroups in the order of the type num- 
bers. For each semigroup the following five items are given across the page, as listed 
by an IBM tabulator on multilith masters: 

1) The type number. 

2) The multiplication table in row-normal form (a 5-by-5 array of digits 0 

through 4). 

3) The class number. 

That is all the information for the commutative semigroups. For the non-commuta- 
tive semigroups, there are two more pieces of information: 

4) The class number of the semigroup to which the listed semigroup is anti- 

isomorphic. (This is omitted if the class number is the same as item 3. That 
a noncommutative semigroup can be anti-isomorphic to itself had not been 
observed by all workers with semigroups. ) 
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5) The column-normal isomorph of the same multiplication table (omitted if 
the row-normal table is itself column-normal). The semigroup is anti-iso- 
morphic to itself if and only if item 4 is omitted and item 5 is included. 

There is a bibliography of 34 titles, including work of a Japanese group includ- 
ing Professor Takayuki Tamura. It is notable that the Japanese group, working by 
hand, obtained all 126 semigroup types of order 4 prior to SWAC (without error), 
and that they finished obtaining the semigroups of order 5 almost simultaneously 
with the American group of Motzkin, Selfridge, and SWAC (but with at least one 
error discovered by the American group). It appears that in computing semigroups 
it has been a reasonably fair match between Japanese without an abacus and 
Americans armed with an electronic digital computer! The text of the dissertation 
reviewed here does not refer to the Japanese computation for order 5. 

Minor criticisms: On page 8, line 8, for “...an element of a semigroup . . .” 
read ‘‘... an element a of a semigroup... ”’. In the footnote on page 8, for m read 
a. In reference [A2] the authors’ names are permuted. In this and other references 
the authors’ first names have been carefully omitted [why is this done so often?]. 

Georce E. ForsytTHe 
Stanford University 


Stanford, California 


1. GeorceE E. Forsytue, ‘“SWAC computes 126 distinct semigroups of order 4,’’ Amer 
Math. Soc., Proc., v. 6, 1955, p. 443-447. 


31(K|.—E. L. Leamann, Testing Statistical Hypotheses, John Wiley & Sons, Inc.- 
New York, 1959, xiii + 369 p., 24 em. Price $11.00. 


This long-awaited book is a welcome addition to Wiley’s fine series of texts in 
the different areas of modern mathematical statistics, and the author is to be 
thanked and congratulated for a difficult but needed job exceedingly well done. 
The title does not convey an adequate idea of the scope of the book, which in- 
cludes material from many branches of statistics, nor of the exceedingly helpful 
devices used that make it possible to catch up with the most recent advances. 
Going through it is a refreshing and stimulating experience. 

The book provides ‘‘a systematic account of the theory of hypothesis testing 
and of the closely related theory of estimation by confidence sets. The principal 
applications of these theories are given, including the one- and two-sample prob- 
lems concerning normal, binomial and Poisson distributions. There is also a treat- 
ment of permutation tests and of some aspects of the analysis of variance and of 
regression analysis. Introductions to multivariate and sequential analysis, and to 
non-parametric tests are offered. Methods based on large sample considerations 
(x’ and likelihood ratio tests) are sketched. The emphasis throughout is on the 
various optimum properties of the procedures. These are discussed in terms of the 
Neyman-Pearson formulation, but against a background of decision theory which 
frequently permits a broader justification of the results.” 

The level of the treatment is set by the fact that ‘‘the natural framework for a 
systematic treatment of hypothesis testing is the theory of measure in abstract 
spaces.”’ By unrestricted use of the abstract approach, the author is enabled to 
bring the prepared reader abreast of the very latest developments. For this, one 
should have an appreciation, if not a knowledge, of concepts in measure theory, 
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as well as a considerable background in “classical’”’ mathematical statistics. It 
should be stated, however, that all necessary theorems are stated and discussed, 
if not always proved. 

The text is greatly enriched by some very valuable time-saving features, such 
as footnotes that immediately relate an outside source to the point under discus- 
sion, and annotated lists of references, appearing at the close of each chapter and 
frequently summarizing a paper in a single sentence, thereby giving the reader a 
bird’s-eye view of the latest pertinent papers as well as of the earlier literature. 
Furthermore, for each section a set of substantial exercises, totalling over 200, is 
provided. Many of these are accompanied with outlines of solutions, and pro- 
vide introductions to additional topics. 

Attention to estimation as a special case of hypothesis testing is essentially 
limited to confidence sets, point estimation receiving very little consideration. For 
the sake of completeness one would like to have seen some treatment of the Cramér- 
Rao inequality and its modern development by Bhattacharya and others, as well 
as minimum-variance estimation on which so much practical work is based. This, 
however, is hardly a criticism, since treatment of estimation is not a main purpose. 

While not designed as a “‘cookbook”’ in the analysis of actual data, because of 
its advanced nature the book does give a deep understanding of the many tests 
and their relationships to a unified theory. As such, and in view of its time-saving 
features, the book is well worth the price, and should be in the possession of the 
advanced worker in mathematical statistics and others having the requisite back- 
ground. 

Juuivs LIEBLEIN 
Applied Mathematics Laboratory 
David Taylor Model Basin 
Washington, 7, D. C. 


32[L].—L. N. Karmazina & E. A. CHisrova, Tablitsy funkisit Besselia ot mnimogo 
argumenta 1 integralov ot nikh (Tables of Bessel functions of imaginary argument 
and of integrals involving them). Izdatel’stvo Akademii Nauk SSSR (Press of 
the Academy of Sciences of the USSR), Moscow, 1958, 328 p., 27 cm. Price 
37 rubles 15 kopecks. 


This volume in the series of Mathematical Tables from the Computational 
Center of the Academy of Sciences is a continuation of earlier work [1] on Bessel 
functions of real argument. 

The present tables were prepared on the electronic computer STRELA. In the 
main table (pages 19-328), the values of the following seven functions are given 
for x = 0(.001)5(.005)15(.01)100: 


ée *Iy(z), e “I,(2), a | Io(u) du, 
0 


e'K(2), eK, (2), al Ko(u) du, and e’. 


The values are given here to 7D except near the origin, where they are to 78; no 
differences are given. Near the origin, the following auxiliary functions are given: 
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Io(z) and E(x) = Ko(x) + Inz Ip(z) 
for x = 0(.001).15 to 7S and 7D, respectively; 
T(z) and E,(x) = 2[Ki(xz) — InzI,(2z)] 


for x = 0(.001).2 to 7D. By means of the formulas given on page 11, a number of 
related integrals can be evaluated by using the present tables. 
W. H. Rew 


Brown University 


Providence, Rhode Island 


1. E. A. CHistova, Tablitsy funktsit Besselia ot deistvitel’nogo argumenta i integralov ot 


nikh (Tables of Bessel functions of real argument and of integrals involving them). Izdatel’stvo 
Akademii Nauk SSSR (Press of the Academy of Sciences of the USSR), Moscow, 1958. Math. 
Comp., v. 14, 1960, p. 79-80. 


33(L|.-F. A. Paxton & J. E. Rowutn, Tables of the Incomplete Elliptic Integrals 
of the First and Third Kind, Curtiss-Wright Corporation, Research Division, 
Quehanna, Pennsylvania, June 1959, 436 p., 28 em. 


This large table gives values of the elliptic integral of the third kind, which in 
the notation of the authors is 


2 d@ 
II ( ?, By k ) = [ . ———————— 
- o (1 — a sin? @)4/] — F sin? 6 





including, as a special case, the elliptic integral of the first kind, F(¢,k) = 11(¢, 0, k). 
Values are tabulated to 7D without differences for ¢ = 0(1°)90°, a = 0(.02)1, 
k’ = 0(.02)1. The values were computed on an IBM 704 by Simpson’s rule. The 
authors appear to claim general accuracy within 10 final units, except possibly for 
sin @, a, andk’ near unity. The reviewer has encountered nothing which invalidates 
the general claim, but the exception is certainly to be noticed. 

There are several ways in which certain values, especially of the complete in- 
tegrals (¢ = 90°), may be checked from existing tables with little or no arithmetic. 
Using for brevity the references of MTAC, v. 3, 1948, p. 250, let us consider four 
checks: 

(i) Values of F(90°,k) = K with argument k’ are given to 10-12D in Hayashi 1. 
They show that the values of Paxton and Rollin are systematically too small; the 
error rises from 4 final units at kK’ = .02 to 11 final units at k° = .98. These errors 
are practically within the claimed limits. The machine value at k° = 0, which 
should equal 37, is 6 final units too small, but has been corrected by hand. 

(ii) Values of F(¢, k) for @ = 0(1°)90°, k” = 4 (modular angle = 45°) are given 
to 10D in Legendre 3, 5, 6, 7, 8 (also to 12D in Legendre 3, 5). They show no 
errors in Paxton and Rollin exceeding 5 final units. 

(iii) Values of 


o 
II(¢, 0, 1) - | sec dd, 
0 


the inverse gudermannian, are given to 9D in Legendre 3, 5, 6, 7, 8 (also to 12D 
in Legendre 3, 5). They show that the later values of Paxton and Rollin are sys- 


tematically too small, for example by about 1, 11, 45, 141 final units at @ = 45°, 
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85°, 88°, 89°, respectively. It may be added that values of F(¢, k) for @¢ = 0(1°)90°, 
k* = 0(.01)1 are given in Samotlova-[akhontova 1, but to only 5D. 
(iv) When a = k’, we have 


11(90°, a’, k) = [ (1 — KF sin’ 6)~*” de, 
0 


which is known to equal E/(1 — k’), where E is the complete elliptic integral of 
the second kind, given to 10D with argument k’ in Hayashi 3. Evaluation shows 
that the values of Paxton and Rollin are systematically too small, for example by 
4, 15, 31, 177, and almost 590 units at kK” = .2, .8, .9, .96, .98, respectively. 

As far as the reviewer’s examination has gone, it seems likely that the table is 
correct everywhere to about 4D, almost everywhere to 5D, and in large regions 
to 6D and 7D. Even with this limitation, the table (which, as far as the reviewer 
is aware, is a corporation research report rather than a published work) must be 
regarded as epoch-making in the history of the tabulation of the elliptic integral 
of the third kind. It should be added that another sizable table of this integral, 
by Selfridge and Maxfield [1], appeared in 1958, but with a different argument 
system. 

A. F. 


1. R. G. Setrrivce & J. E. MaxFie.p, A Table of the Incomplete Elliptic Integral of the 
Third Kind, Dover Publications, New York, 1958 (also Constable, London). 


34([P, W].—Armour ResEarRcH Founpation, Proceedings of the Fourth Annual 
Computer Applications Symposium, 1957, sponsored by the Armour Research 
Foundation of Illinois Institute of Technology, 1958, x + 126 p., 23 em. Price 
$3.00. 


This is a collection of 15 papers based on 12 talks, two luncheon addresses and 
a panel discussion. Practically all the symposium concerned itself with applications 
of digital computers. 

The program of the symposium covered two days, one devoted to a session on 
“Business and Management Applications,” the other to a session on ‘Engineering 
and Research Applications.” 

The following seven papers concerned with the first subject appear in the 
Proceedings: 

An Extensive Hospital and Surgical Insurance Record-Keeping System—R. J. 
Kocu, 

A Central Computer Installation as a Part of an Air-Line Reservations System— 
R. A. McAvoy, 

Fitting a Computer into an Inventory-Control Problem—O. A. Krat, 

The Problems of Planning New Metropolitan Transportation Facilities and 
Some Computer Applications—J. D. Carro.u, Jr., 

Data-Processing Tasks for the 1960 Census—D. H. Heiser & Dororny P. 
ARMSTRONG, 

The Handling of Retail Requisitions from a General Warehouse—M. J. 
STOUGHTON, 

Automatic Programming for Business Applications—Grace M. Hopper. 
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The papers generated at the session on “Engineering and Research Applica- 
tions” are as follows: 

Digital Simulation of Active Air Defense Systems—R. P. Ricu, 

Statistical Calculations in Product-Development Research—E. B. Gasser, 

Progress in Computer Application to Electrical Machine and System Design- 
E. L. HARDER, 

How Lazy Can You Get?—A. L. SAMUEL, 

The Solution of Certain Problems Occurring in the Study of Fluid Flow—L. 
U. ALBERS, 

A Dual-Use Digital Computer for Dynamic System Analysis—E. H. CLamons 
& R. D. Apams, 

The Status of Automatic Programming for Scientific Problems—R. W. Bemer, 

Panel Discussion. 

Tuomas H. SovuTHarp 

University of California 
Los Angeles, California 


35{S|.—Vau J. Asupy & Henry C. Catron, Tables of Nuclear Reaction Q Values, 
UCRL-5419, Lawrence Radiation Laboratory, University of California, Liver- 
more, California, 1959, 330 p., 28 em. Price $5.00. Available from the Office of 
Technical Services, Department of Commerce, Washington 25, D. C. 


Tables of nuclear reaction Q values have been calculated from nuclide masses, 
when possible, for those 42 reactions involving ¥, n, p, d, t, He’, or He‘ as either in- 
cident or product particle for about 650 target nuclides. Approximately 8000 Q 
values are tabulated. 


AuTHORS’ SUMMARY 


36{S, T|.—James Mitier, Joun M. Geruauser & F. A. Matsen, Quantum 
Chemistry Integrals and Tables, University of Texas Press, Austin, Texas, 
1959, 1224 p., 26 em. Price $15.00. 


One of the major difficulties in making quantum-mechanical calculations of the 
properties of atoms and molecules is the evaluation of the large number of difficult 
integrals which appear. This volume contains tables for the evaluation of the one- 
and two-center 1s, 2s, and 2p, integrals involved in energy and dipole moment 
calculations. No 2pm integrals are included. The tables are based on the usual 
Slater-type atomic orbitals. Molecular integrals are not tabulated directly, but 
rather auxiliary functions (A, B, G, and W in the usual Kotani notation). Some 
computation is therefore still necessary to arrive at a desired molecular integral, 
but it is within the reach of a desk calculator. 

The tables were computed on an IBM 650 and reproduced by a photo-offset 
process to avoid introduction of errors. They appear quite clear and legible. The 
short textual parts of the book contain formulas as well as recommended inter- 
polation procedures and their expected accuracy—a most welcome feature. Over 
90 per cent of the pages are devoted to the difficult W functions. 

The present tables naturally invite comparison with previous tables of mole- 
cular integrals, particularly those by Kotani, Amemiya, Ishiguro, and Kimura 
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[1], and by Preuss [2]. These both contain a wider variety of functions over a some. | 








what greater range of arguments but they are much briefer. Interpolation is conse. | “ 
quently often a major difficulty in these tables, whereas interpolation is relatively | vo 
easy in the present tables. This can be illustrated roughly by a comparison of the eal 
numbers of pages: 230 in Kotani, 305 in Preuss (2 vols.), and 1224 in the volume ~ 
under review. _ 
A number of research groups interested in quantum chemistry have access to te 
their own high-speed computers, and the present tables will probably not be used | in 
much by them except to check out new codes, but a large number of workers whose | - 
computational aids are limited, for the most part, to desk calculators will be very = 
happy to see this book. The authors and publisher are to be commended for their 
efforts in making these tables available. de 
Epwarp A. Mason in 
University of Maryland tit! 
College Park, Maryland i. 
1. M. Korant, A. Amemiya, E. Ishiguro & T. Kimura, Table of Molecular Integrals, -" 
Maruzen Co., Ltd., Tokyo, 1955. 
2. H. Preuss, Integraltafeln zur Quantenchemie, Springer-Verlag, Berlin, vol. I, 1956, vol. a ¢ 
II, 1957. (2 
qu 


37(X].—L. Ivan Epstein, Nomography, Interscience Publishers, Inc., New York, | do 
1958, x + 134 p., 24 em. Price $4.50. 


The contents are: Ch. I, Determinants; Ch. II, Nomograms; Ch. III, Projective Ct 
Transformations; Ch. IV, Matrix Multiplication; Ch. V, More Than Three Vari- th 
ables; Ch. VI, Empirical Nomography; Ch. VII, Kellogg’s Method; Ch. VIII, 


Nonprojective Transformations; Bibliography and Index. th 
According to the preface, Chs. I, II, III, V, and VI form an elementary text, ns 
for which only a knowledge of the elements of analytical geometry is required. si 
Omission of Ch. IV, it is said, will not cause a loss of continuity. For Chs. VII and Vl 
VIII, a knowledge of calculus is expected. The book attempts, according to the , 
author, to fulfill a need for a book which ‘‘combines the discussion and methods of . 
construction with a thorough presentation of the underlying theory”’, as well as to 
“make the presentation mathematically rigorous insofar as this could be done ona | 3g 


relatively elementary level”. 
The book has much to recommend it. The figures are good and the prose in | 
most instances is lucid. The idea of presenting the notion of projective transforma- 


tions from the “geometrical” point of view first seems to have merit, and useful e 
descriptive terms such as shear and stretch assist in this endeavor. The entire ie 
approach to the subject is from the “determinant” point of view, which is de- | 2 
sirable. Furthermore, the necessary properties of determinants and matrices are | le 
included (Chs. I and IV) for the benefit of the reader unfamiliar with them. In 
addition, the author does not hesitate to make the natural extension of using the 
word nomograph as a verb. - 
On the other hand, there are errors in the book. These are mathematical, . 
pedagogical, grammatical or typographical. [a 
Among the mathematical errors may be mentioned the definition of linearly : 


related functions (p. 93), and some of its consequences. The statement of Theorem 
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7.1 (“A set of functions of a single variable are linearly related if and only if their 
wronskian vanishes”) shows that the author intended to define what are usually 
called linearly dependent functions, since Theorem 7.1 would be true if the word 
“related” were replaced by “dependent,” but is not true for the definition given, 
namely, ‘“‘we shall say that four functions f,(z), fo(x), fs(z), f(x) are linearly related 
if there exist four nonzero [emphasis supplied by the reviewer] quantities c; , cz , Cs , Cs 
independent of x such that cf; + ¢2fz + csfs + cfs = 0”. The word nonzero should, 
of course, be replaced by the phrase not all zero. Incidentally, ‘““Wronskian”’ is 
usually capitalized. 

Neither in Ch. VIII nor elsewhere was the reviewer able to discover the author’s 
definition of the phrase “nonprojective transformation”. Yet Ch. VIII, based 
largely on a paper by Gronwall (ref. 5 in the bibliography), has the phrase as its 
title. The reviewer was also unable to discover the phrase anywhere in Gronwall’s 
paper, from which Theorem 8.1 (concerned with nonprojective transformation) 
is stated to have been taken. 

The reviewer suggests that a worked example involving at least one scale with 
a curved support would have been appropriate for Ch. II. On p. 23, for equation 
(2.25) it would have been better to define the units in which the various physical 
quantities are measured. On p. 83, “antiparallel” should be defined. The reviewer 
doubts that a reader with merely a knowledge of the calculus would be able (as 
seems to be implied in the preface) to understand adequately the material of 
Chapters VII and VIII, even if these chapters were error-free. It is also suggested 
that too much may have been left as an exercise for the reader in several places. 

In conclusion, the reviewer suggests that the unsophisticated reader follow 
the suggestion made in the preface that Chs. I, II, III, V, and VI form an ele- 
mentary text. Ch. IV seems to be relatively elementary also. The sophisticated 
reader should go to the original papers of Kellogg and Gronwall, on which Chapters 
VII and VIII are respectively based. 

Tuomas H. SouTHarpD 
University of California, 
Los Angeles, California 


38[X].—ALEXANDER 8S. Levens, Nomography, 2nd edition, John Wiley & Sons, 
New York, 1959, vii + 296 p., 25 cm. Price $8.50. 


Professor Levens’ Nomography is judged by this reviewer to be an excellent 
elementary textbook. It reflects the author’s mastery of pedagogic technique. This 
work should lead the student to more than the acquisition of a theoretical knowl- 
edge of nomography—it should enable him to become a skilled and experienced 
nomographer. To develop the requisite skill, the text abounds with realistic prob- 
lems, taken in many cases from practical engineering or physical situations. 

The geometric approach in this book is both simple and direct. Perhaps some 
will find the text overly simple in parts, with too many explicit steps. However, 
it is likely that most students will appreciate its clarity and ease of reading. 

After a brief introduction and a careful discussion of functional scales, the 
author divides the study into various nomogram types, which are taken up serially. 
The geometry of each general type is thoroughly discussed and fully illustrated 
with a detailed application. The geometric approach in this text is considered to 
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be a far better introduction to nomography than an analytical approach by the 
theory of determinants. Basie analytic theory is not neglected, however, and a 
chapter on determinants is included near the end. 

The second edition is considered a definite improvement over the first; it has 
a more pleasing format and type arrangement and an over-all attractiveness that 
gives it more pedagogic appeal. (One minor defect: chapter numbers on the top 
of each page of the first edition were unaccountably omitted in the second edition.) 

Besides numerous text revisions, important new material appears in the second 
edition. Most significant are: (a) the expansion of the chapter on determinants, (b) 
the addition of a chapter on projective transformations, and (c) the addition of a 
chapter indicating the relationship between concurrency and alignment nomograms 
(with applications to experimental data, including a description of the rectification 
of experimental curves). 

An appendix supplies an assortment of nomographic solutions to different 
problems taken from various technical fields, and offers fine illustration of available 
techniques. 


CHARLES TRILLING 
U.S. Naval Radiological Defense Laboratory 


San Francisco 24, California 


39[X, Z|.—LyLe R. Lanepon, Approximating Functions for Digital Computers. 
Reprinted from Industrial Mathematics v. 6, 1955, p. 79-100. 


This article is concerned with several methods for determining approximations 
to functions of one real variable. The methods mentioned include the use of Padé 
approximants, a modification of the Taylor expansion said to be due to Obrechkoff, 
the use of Chebyshev polynomials to economize “truncated power series in the 
sense of Lanczos, the use of a rational interpolant which collocates f(x) at five 
points, as well as some special devices based on a study of the particular function 
to be approximated. 

The following approximations are given: 


Function Nature of approximation Range of x eae See 
sin x Rational —r SxS 6 X 10-° 
cos x Rational —r7 Surf i xX 10° 
tan x Rational —r/iious rf 7X 10-* 

e Rational —nr Sux 1 unit in 9th 
significant 
digit 

Vx Rational 0.1 < x < 10.0 Something 
in 5th sig- 
nificant 
digit 

i €2 A ; 

sin > Polynomial -lsirezl 4x 10 

Wx F = 
cos => Polynomial —li sg 2a i 7K 
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Function Nature of approximation Range of x sued super Sound 
| | 

logex Polynomial in 10.10 <zx=1000 | 3 xX 10° 
eS. Pe (for various 
eS +a’ oS choices of a) 
a suitably chosen 
constant 

tan —y Polynomial -—~(V72-1)s 4x 10° 


y = (V2 -1) 


(used to represent tan ~'x on0 S x S land1l S x S =& by ex- 
pressing y as the ratio of two appropriately chosen linear func- 
tions of x) 


sin “2 Polynomial —3srs} 3 X 10°° 
sin —ax 57 V/1 — x-polyn. 0.966 =x 210 3x 10° 
in zx 
9 zr 
H(x) = We [ e~"dt | Polynomial Ofr7r21 6 <X 10-'° 
T Jo 
Polynomial La422423 2 X 10-°° 
Polynomial 2ea243 8 X 10-° 
Polynomial 383284 i i 
_ - cs us ~10 
cosh x cos x Polynomial —-s8285 1 xX 10 
cosh xz sin 2 + sinh x , rg T 
— i ai - - 9 —10 
eon z Polynomial 5 S285 2x 10 
. e ° T T 
sinh x sin x Polynomial —-Z5 82285 lx 10° 
cosh x sin x — sinh x . 7 | 7 Fa 
ry ‘ = — — q —9 
es Polynomial 5 2285 3 X 10 


(Linear combinations of the last four functions give such functions as 
e"** sin rx/2, fe sin xdx, ete.) 


In addition, approximations of certain functions occurring in Gas Tables by 
J. H. Keenan & Joseph Kaye, Wiley & Sons, 1945, are given. 

The paper has been reprinted in both an “uncorrected” and a “corrected” 
version. The following typographical errors were found to remain in the “corrected” 
version : 


Page 
87 line 4 fb Decimal point is missing from .00832 8683025, 
and 2’ is missing from 0.00019 221232’. 
( ; e 47 ; 
89 7“ - a ( Approximate value of +2 — 1 should end in 4 
90 lines 8, 10 instead of 3. 
93-4 Eqs. (15), Prefix a, to the given integral. 
(16), (17) 
93 Eq. (15) Summation should be 5°} a,(2x — 3)". 
99 Range of h for Should read 395.74189 76 < h S 513.4. 


Eq. (26) 
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The reviewer compared Langdon’s results with those of Cecil Hastings, Jr., 
Approximations for Digital Computers, where possible. Although both authors con- 
sidered approximations for tan x, sin (x/2)z, sin” x, and H(z), the only one of 
these in which the ranges are the same (—1 < zx S 1) is that for sin (4/2)zx. Here 
both authors use a five-term polynomial approximant; Langdon claims an error 
bound of 4 X 10°°, compared to Hastings’ claim of 5 X 10°. It is of interest to 
note that C. W. Clenshaw approximated the same function on the same range with 
a six-term polynomial, the stated error bound being 3 X 10°° (MTAC, v. 1954, 
p. 148). 

The reviewer made some spot checks of the approximations given and found no 
evidence that the error bounds or coefficients are incorrect, with the exception that 
the value of H(2.5) was found to be 0.99959 30388, as compared with the value 
0.99959 30480 given in the NBS Tables of Probability Functions, v. 1. Here the 
error in the value obtained from Langdon’s approximation exceeds the stated 
bound of 8-10°°. 


Tuomas H. SouTHarpD 
University of California, 
Los Angeles, California 


40(Z|.—H. FrevupentTHa, “Logique Mathématique Appliquée,” Collection de 
Logique Mathématique, Série A, XIV, Gauthier-Villars, Paris, 1958, 57 p. Price 
$3.00. 


This pamphlet is a prize-winning essay in a 1953 contest of the Institute for 
the Unity of Sciences on the general subject, Mathematical Logic as a Tool of 
Analysis—its uses and achievements in the sciences and philosophy. For the pur- 
poses of the present publication the most interesting portion is the second section 
entitled “Le calcul des propositions, les réseaux electriques et les machines & cal- 
culer.” This gives a brief description of various electronic and electro-mechanical 
realizations of the propositional calculus, introduces the temporal problem, and 
suggests research in a temporally affected propositional calculus. Unfortunately, 
the span of five years between initial composition and publication means that no 
knowledge of the recent work on such temporal structures as the neuron model is 
demonstrated. The author’s point that mathematical logicians should enter the 
field rather than surrender it to computer engineers retains its initial force. 

Briefly, the introductory section comments on what the author considers as an 
unfortunate tendency to abstract, non-realizable research by logicians. (He con- 
cedes the right of number theorists to an ivory tower but thinks that logic must 
be primarily viewed as a part of applied mathematics.) The third section reviews 
certain clarifications introduced in philosophy and the foundations of science by 
the influence of mathematical logic. The fourth suggests an operational definition 
of implication in terms of an idea of “complete implication” which requires that 
all pairs (p, q) such that p — q be meaningful in a particular case before using 
the term “implication.”’ The final portion suggests problems involving transitivity 
in modal forms. 

J. D. Swirr 
University of California 
Los Angeles, California 
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41(Z).—Joacuim JEENEL, Programming for Digital Computers, McGraw-Hill Book 
Co., Inc., New York, 1959, viii + 517 p., 24 em. Price $12.00. 


This book is designed for the reader who wishes to become acquainted with 
stored-program calculators. It is not necessary for the reader to have had previous 
programming experience; however, a background in college mathematics is de- 
sirable. The principles and procedures presented apply mainly to the solution of 
scientific and technical problems. Some discussion of commercial data processing 
techniques is also given. The book covers recent developments in the field of pro- 
gramming. The approach is general, in that the procedures which are presented can 
apply to any stored-program calculator. 

ARTHUR SHAPIRO 
Applied Mathematics Laboratory 
David Taylor Model Basin 
Washington, District of Columbia 








TABLE ERRATA 


274.—L. Arnot, ‘Recherches sur le calcul des forces perturbatrices dans la théorie 
des perturbations séculaires,” Bulletin de la Société des Sciences Naturelles de 
Neuchatel, v. 24, 1895-1896, p. 3-44. 


On page 40, in the table of the hypergeometric function F(?s, #s; 1, x) the 
following corrections should be made: corresponding to x = 0.650, for 1.031 8686, 
read 1.031 9686; and corresponding to x = 0.651(.001)0.680 the third decimal 
places of all tabular values should be increased by a unit. 


T. H. SourHarp 
University of California 
Los Angeles 24, California ’ 


275.—E. CaHEN, Théorie des Nombres, v. 2, Hermann & Cie, Paris, 1924. 


On p. 55, in column 4 of the table of primitive roots of primes, the arguments 
bracketing 883 should read 881 and 887, respectively; and on p. 56, in column 4, 
the argument following 2693 should read 2699. 

RoGer OsBorn 
The University of Texas 
Austin, Texas 


276.—P. L. CHEBYSsHEV, Teoria delle Congruenze, Italian translation by I. Massarini, 
Ermanno Loescher & Co., Rome, 1895. 
J. P. Kuutix, “ Uber die Tafel primitiver Wurzeln,” Journal fiir die reine und 
angewandte Mathematik, v. 45, 1853, p. 55-81. 
The following corrections should be made in the tables of primitive roots of 
primes appearing in the Chebyshev volume. 


p for read page 
19 12 13 248 
59 57 56 250 
79 5 | 6 252 

269 152 153 273 
277 34 14 275 
311 180 261 280 

218 285 280 


349 307 305 286 


Corresponding to the last four primes, identical corrections should be made in 
Kulik’s paper on pages 70, 72, 76, and 81, respectively. 

These errors and their corrections have been checked by use of the Canon 
Arithmeticus by K. G. J. Jacobi and by computation on an IBM 650. 


RoGcer OsBorn 
The University of Texas 
Austin, Texas 
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277.—J. B. Dae, Five-Figure Tables of Mathematical Functions comprising Tables 
of Logarithms, Powers of Numbers, Trigonometric, Elliptic, and other Trans- 
cendental Functions, Second Edition, Edward Arnold & Co., London, 1949. 


Page Function 


for read 

82 In x 5.25 1.65832 1.65823 
85 e 04 . 96080 .96079 
.06 .94177 .94176 
87 e 4.1 . 10657 .01657 

87 eosh x 3.3 13.5747 13.5748 
90 log sinh x 2.5 .98177 .78177 
log tanh x 5.5 1.99998 1.99999 
103 log T(x) 1.45 1.94726 1.94727 
106 J (x) 0.3 .99763 97763 
J\(x) 11.1 — .19138 — .19133 
111 erf (x) 18 20093 . 20094 
.66 .64983 .64938 


C. R. Sexton 
J. A. SExTon 
Berkeley, California 


EpiTorRiAL Note: A detailed description of these tables, including an enumeration of addi- 
tional errata, appears in MTAC, v. 3, 1949, p. 514. 


278.—H. B. Dwieur, “Table of the Bessel functions and derivatives J2, J;’, Je’, 
Nz, Ni’, N2’,” Jn. Math. and Phys., v. 25, 1946, p. 93-95. H. B. Dwieurt, 
Mathematical Tables, second edition, Dover Publications, New York, 1958. 

In the paper cited there appears the erroneous value — .257665 for N2’ (7.1). 

The correct value is —.274537. This correction should also be made in the corre- 

sponding entry Y2’ (7.1) shown on p. 182 of the book cited above. 


JoHN B. MILLER 
School of Engineering 


University of Auckland 
New Zealand 


279. J. A. Ritey & C. Biiurnes, “Gaussian quadrature of some integrals involv- 
ing Airy functions,” MT AC, v. 13, 1959, p. 97-101. 
The abscissa value which is given as 


0.717013550 
should be 

0.717013474, 
the remainder being correct to nine decimals. All the weights are incorrect in at 
least the last two places; correct nine-decimal values are: 


0.114220867 
0.113476346 
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0.111252488 
0.107578286 
0.102501638 
0.096088727 
0.088423 159 
0.079604868 
0.069748824 
0.058983537 
0.047449413 
0.035297054 
0.022686232 
0.009798996. 


H. J. Gaw ik 
Ministry of Supply 
Armament Research and Development Establishment 
Sevenoaks, Kent 


280.—HERBERT E. Sauzer, “Orthogonal polynomials arising in the numerical 
evaluation of inverse Laplace transforms,’”’ MT AC, v. 9, 1955, p. 164-177. 


On p. 174 the statement is made that p;‘”, 1/p;\”, and A,;”, that is, the 
reciprocals of zeros, zeros, and Christoffel numbers, respectively, of P,(x), are 
“eorrect to only about a unit in the last significant figure that is given.” As a re- 
sult of a more extended computation, the following errors of more than a single 
unit in the last place should be noted in the table on p. 175-176: 




















n| i i For | Read 

-—-—| — giienentipnpetennieemmenemapae — ee een 
4 |3,4 laps .18866 3804 + .06177 44217 . 18866 3804 + .06177 4417: 
6 13,4) pi” 6.470513 + 4.90012 li 6.470515 + 4.90012 li 
6 | 5,6 pi” 7.490640 + 1.62149 9: 7.49063 8 7 1.62150 2i 
6 | 3, 4\1/pi™ .09821 855 +  .07438 0937 | .09821 855 + .07438 0917 
6 | 5, 6 |1/pi™ .12752 426 + .02760 5177 | .12752 426 + .02760 525i 
6 |5,6| Ac | —185.544 + 917.7947 | —185.544 + 917.7927 
8 13,4] p™ 7.738690 + 8.37088 1i 7.73868 8 = 8.37087 9: 
8 15,6) pi 9.406370 + 4.96922 0: 9.406870 + 4.96921 77 
8 17,8) pi™ 10.169444 + 1.64920 37 10.169446 + 1.64920 3% 
8 | 3, 4 |1/pi™ .05954 718 + .06441 172i | .05954 718 + 06441 1747 
8 | 5, 6 |1/pi™ -08311 501 + .04390 8207 | 08311 501 + .04390 8187 
8 | 7,8 |1/p™ -09581 390 + = .01553 837i | .09581 388 + 01553 835i 








Henpert E. Sauzer 
Convair Astronautics 
San Diego, California 


281.—G. W. SpeNcELEY AND R. M. SpenceExEy, Smithsonian Elliptic Functions 
Tables, Smithsonian Institution, Washington, D. C., 1947. 


We recently computed Jacobi’s nome gq correct to 20S, corresponding to modu- 
lar angle @ equal to 15° and 45°, respectively. Comparison of these data with 
corresponding results published to 16S by G. W. and R. M. Spenceley revealed 
that their approximation to q when @ = 15° (on pages 59 and 61) is incorrect in 
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the last place, where the digit 7 should be replaced by 9. Their value of q corre- 
sponding to @ = 45° is correct as shown on pages 179 and 181. 

Additional errata in this tabulation of Jacobi’s nome have been published 
previously by Alan Fletcher [1]. 


Tuomas H. SovutTHarp 


HELEN O. Rosay 
Department of Mathematics 
University of California 
Los Angeles, California 


1. MTAC, v. 3, 1948-49, p. 280. 


282.—G. N. Watson, A Treatise on the Theory of Bessel Functions, second edition, 
University Press, Cambridge, 1944. 











for read 
p. 313, line 10 from top eo _ x, 
p. 340, equation 7 — log 2z — 4m — log 2z + 4m 
p. 340, lme 2 from top (upper limit of | —1+ —1 + 


first. integral) 





Yupet.t L. Luxe 
Midwest Research Institute 
Kansas City, Missouri 





CORRIGENDA 


Curu-Bine Lina,‘ Tables of values of 16 integrals of algebraic-hyperbolic type,’’ MTAC, 
Review 173, v. 12, 1958, p. 306 


for read 


p. 306, line 13 k(sinh 2x + sin 2x)“ [k(sinh 2x + 2z))" 
p. 306, line 20 (2a )*I-2= (2r)*e-=. 


E. I. Parker & Paut J. NrKotat, ‘‘A search for analogues of the Mathieu groups,’’ MTAC, 
v. 12, 1958, p. 38-43. 


for 


p. 43, line 1 3799 


read 
3779. 
L. Rosin, Table Erratum, 261 MTAC, v. 12, 1958, p. 163. The address of the author should 


read: Recherches Mathématiques, L’Ingénieur en Chef des Télécommunications, 3 avenue de 
la République, Issy-les-Moulineaux, Seine, France. 
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